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SUMMARY 
T h i s t h e s i s i s c o n c e r n e d w i t h t h e d e v e l o p m e n t o f 
s o l u t i o n p r o c e d u r e s t o a p a r t i c u l a r c l a s s o f s t o c h a s t i c 
m u l t i - i t e m i n v e n t o r y p r o b l e m s i n v o l v i n g a j o i n t o r d e r c o n ­
s t r a i n t , i . e . , a l l i t e m s i n t h e s y s t e m m u s t be o r d e r e d a t 
t h e same t i m e . A m a t h e m a t i c a l m o d e l b a s e d o n t h e c o n c e p t o f 
a s y s t e m r e o r d e r p o i n t i s d e r i v e d and compared w i t h t h e m o r e 
common p e r i o d i c r e v i e w m o d e l . 
T h e d e t e r m i n a t i o n o f t h e o p t i m a l s o l u t i o n s f o r t h e s e 
m o d e l s i s a c c o m p l i s h e d w i t h t h e u t i l i z a t i o n o f a c y c l i c 
c o o r d i n a t e s e a r c h a l g o r i t h m . 
I n o r d e r t o a v o i d t h e s p e c i f i c a t i o n o f b a c k o r d e r c o s t 
p a r a m e t e r s , a s e r v i c e l e v e l a p p r o a c h i s d e r i v e d . T h e d e ­
s i r e d s e r v i c e l e v e l may be s p e c i f i e d a p r i o r i by management 
o r s e l e c t e d v i a an i n t e r a c t i v e d e c i s i o n p r o c e s s w h i c h p r o ­
v i d e s t h e i n v e n t o r y manager w i t h r e l e v a n t i n f o r m a t i o n c o n ­
c e r n i n g c o n s e q u e n c e s o f h i s s e r v i c e l e v e l s e l e c t i o n . 
T h e s e s e a r c h a l g o r i t h m s a r e coded i n F o r t r a n and 
n u m e r i c a l e x a m p l e s a r e p r e s e n t e d . C o m p u t e r s i m u l a t i o n 
s o l u t i o n s a r e a l s o p r o v i d e d f o r c o m p a r a t i v e p u r p o s e s . 
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C H A P T E R I 
I N T R O D U C T I O N 
I n many r e a l w o r l d e n v i r o n m e n t s , t h e m a n a g i n g o f 
i n v e n t o r i e s i s a c c o m p l i s h e d u n d e r t h e i n f l u e n c e o f c o n ­
s t r a i n t s i m p o s e d o n t h e o p e r a t i n g s y s t e m e i t h e r b y m a n a g e ­
m e n t i t s e l f o r by e x t e r n a l f a c t o r s t h a t c a n n o t be o v e r r i d e n . 
One common c o n s t r a i n t f a c i n g i n v e n t o r y m a n a g e r s i s a l i m i t 
o n c a p i t a l a v a i l a b l e t o be t i e d up i n i n v e n t o r i e s . I t i s 
common t o f i n d management c o n c e r n e d w i t h r e d u c i n g i n v e n t o r ­
i e s and i n c r e a s i n g t u r n o v e r r a t e s w h i c h h a v e a s a r e s u l t t h e 
d e c r e a s e o f c a p i t a l i n v e s t e d i n p h y s i c a l i n v e n t o r i e s . 
O t h e r r e l e v a n t c o n s t r a i n t s i n c l u d e a l i m i t o n t h e 
w a r e h o u s e s p a c e a v a i l a b l e f o r s t o c k i n g o f p r o d u c t s and a 
l i m i t o n t h e n u m b e r o f o r d e r s t h a t can be p l a c e d f o r a c e r ­
t a i n p r o d u c t i n a g i v e n t i m e h o r i z o n . I n t h e management o f 
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a m u l t i - i t e m i n v e n t o r y s y s t e m some o r a l l o f t h e above c o n ­
s t r a i n t s may be p r e s e n t . 
D e s c r i p t i o n o f t h e P r o b l e m 
V e r y o f t e n o n e a d d i t i o n a l c o n s t r a i n t may be v e r y 
i m p o r t a n t i n t h e o p e r a t i n g s y s t e m . T h i s c o n s t r a i n t i n v o l v e s 
t h e j o i n t o r d e r i n g o f s e v e r a l o r a l l t h e i t e m s i n i n v e n t o r y 
a t t h e same t i m e . T h i s c a s e i s commonly r e f e r r e d t o a s a 
j o i n t o r d e r p o l i c y . 
2 
T h i s c o n s t r a i n t may be c r e a t e d by e x t e r n a l f a c t o r s 
a s , f o r e x a m p l e , i n t h e c a s e o f a w a r e h o u s e w h i c h s e n d s a 
d e l i v e r y t r u c k t o t h e r e t a i l e r o n l y a t some f i x e d t i m e 
p e r i o d s o f t h e y e a r and i n c o n s e q u e n c e w i l l be m o s t l i k e l y 
t o b r i n g a l l o r a l m o s t a l l d i f f e r e n t p r o d u c t s t h a t i t s e l l s 
t o t h e r e t a i l e r . 
On t h e o t h e r h a n d , t h i s c o n s t r a i n t may be i m p o s e d o n 
t h e s y s t e m by t h e i n v e n t o r y m a n a g e r h i m s e l f who f e e l s t h a t 
he can s a v e a p a r t o f t h e o r d e r i n g c o s t s by p l a c i n g an o r d e r 
f o r m o r e t h a n o n e i t e m a t a t i m e . T h i s i s o f t e n t r u e w h e n 
t h e r e i s a s i n g l e s o u r c e o f s u p p l y f o r s e v e r a l i t e m s and 
t h e r e i s a h i g h f i x e d c o s t i n c u r r e d i n each o r d e r p l a c e d . 
S c o p e o f t h e R e s e a r c h 
T h i s r e s e a r c h i s c o n c e n t r a t e d o n t h i s p a r t i c u l a r 
t y p e o f i n v e n t o r y p o l i c y , i . e . , t h e j o i n t o r d e r p o l i c y . 
F o r t h i s p u r p o s e , t h r e e a p p r o a c h e s a r e g i v e n . T h e f i r s t 
u s e s t h e w e l l k n o w n R , T m o d e l f o r a m u l t i - i t e m i n v e n t o r y 
s y s t e m . T h e s e c o n d i s b a s e d o n a new " R , S R " m o d e l i n w h i c h 
R r e p r e s e n t s a s u s u a l t h e b a s e s t o c k l e v e l o f an i t e m and 
S R i s t h e s y s t e m t r i g g e r i n g l e v e l f o r t h e p l a c e m e n t o f an 
o r d e r , w h i c h w i l l be c a l l e d t h e " s y s t e m r e o r d e r p o i n t " . 
T h e t h i r d a p p r o a c h i s b a s e d o n a " j o i n t m a r g i n a l o r d e r 
p o i n t " . H e r e a w e i g h t e d p r o b a b i l i t y o f b e i n g o u t o f s t o c k 
i s c o m p u t e d f o r t h e s y s t e m . T h e d e c i s i o n m a k e r s p e c i f i e s 
an a c c e p t a b l e p r o b a b i l i t y o f b e i n g o u t o f s t o c k , and an 
o r d e r i s p l a c e d w h e n e v e r t h e s y s t e m r e a c h e s t h a t l i m i t . 
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E a c h o f t h e f i r s t t w o a p p r o a c h e s w i l l be u s e d w i t h i n 
t h r e e d i f f e r e n t f r a m e w o r k s w h i c h can be d e s c r i b e d a s 
f o l l o w s : 
A. T h e o b j e c t i v e i s t o m i n i m i z e t h e s u m o f t h e 
i n v e n t o r y c o s t s ( o r d e r i n g c o s t , i n v e n t o r y h o l d i n g c o s t , a n d 
b a c k o r d e r c o s t ) . I t i s a s s u m e d t h a t a l l n e e d e d c o s t p a r a m ­
e t e r s can be e i t h e r f o u n d i n t h e a c c o u n t i n g r e c o r d s o r 
s p e c i f i e d by m a n a g e m e n t . 
B . I n t h e s e c o n d f o r m u l a t i o n , t h e o b j e c t i v e i s t o 
m i n i m i z e t h e s u m o f t h e o r d e r i n g and h o l d i n g c o s t s . T h e 
c o n s t r a i n t i s i n t h e f o r m o f a m i n i m u m s y s t e m s e r v i c e l e v e l 
t h a t i s s p e c i f i e d by m a n a g e m e n t . H e r e s t o c k o u t c o s t p a r a m ­
e t e r s a r e n o t n e c e s s a r y , w h i c h i s ei r e a l a d v a n t a g e s i n c e 
t h e y a r e m o s t o f t e n u n q u a n t i f i a b l e o r a t b e s t d i f f i c u l t t o 
q u a n t i f y ( w h e r e a s t h e o t h e r c o s t s a r e m o r e e a s i l y o b t a i n e d ) . 
C. H e r e t h e o b j e c t i v e i s t h e same a s i n f o r m u l a t i o n 
B a b o v e , t h a t i s , t h e m i n i m i z a t i o n o f t h e s u m o f o r d e r i n g 
and h o l d i n g c o s t s . H o w e v e r , i t i s a s s u m e d t h a t t h e s y s t e m 
s e r v i c e l e v e l i s n o t s p e c i f i e d a p r i o r i a t a s i n g l e c o n ­
s t r a i n t v a l u e . R a t h e r , i t i s o b t a i n e d v i a a management 
d e c i s i o n p r o c e s s o f c o m p a r i n g s e r v i c e l e v e l s and c o r r e s p o n d ­
i n g c o s t s f o r t h e s y s t e m w h e n o p e r a t i n g w i t h each o f t h e s e 
s e r v i c e l e v e l s . H e r e , a v e r y u s e f u l t o o l i s a v a i l a b l e i n 
o r d e r t o h e l p t h e i n v e n t o r y m a n a g e r make h i s d e c i s i o n . I t 
i s t h e m e t h o d o f i n t e r a c t i v e g o a l p r o g r a m m i n g o r i n t e r a c t i v e 
d e c i s i o n m a k i n g , w h i c h , a s t h e name s u g g e s t s , u s e s t h e i d e a s 
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of goal programming but puts them in an interactive format 
which is generalized to include nonlinear objective func­
tions. 
Survey of the Literature 
The literature that deals with the multi-item inven­
tory problem falls into one of the following two classes: 
1. The system is treated as being composed of 
several independent items and individual order quantities 
and reorder points are derived in order to minimize the 
total operating cost of that system. In some cases con­
straints are imposed on the system in the form of maximum 
budget available for investment in inventory, floor space 
for storage, or maximum number of orders placed per year. 
These problems are solved by the Lagrange multiplier tech­
nique, as in [10], for example. 
2 . It is attempted to minimize total inventory costs 
by placing joint orders for several, items at the same time. 
As mentioned in the introduction, this is often a very 
efficient policy to apply in an inventory system. 
Balintfy [1] evaluates and compares classes of multi-
item inventory problems, where joint order of several items 
saves a part of the set-up cost. He develops a new policy 
for reorder point-triggered multi-item systems which he 
calls the "random joint order policy". He defines a new 
inventory level called "can-order" point and the range 
determined by the difference between "can order" and reorder 
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p o i n t s r e p l a c e s t h e t r i g g e r i n g r o l e o f t h e r e o r d e r p o i n t . 
T h e n , w h e n e v e r an o r d e r f o r a p a r t i c u l a r i t e m m u s t be i s s u e d , 
i . e . , t h e s t o c k o f any i t e m h a s d r o p p e d t o t h e r e o r d e r l e v e l , 
t h e i n v e n t o r y l e v e l s o f t h e r e s t o f t h e i t e m s a r e c h e c k e d , 
and a l l i t e m s w h i c h a r e i n t h e i r r e o r d e r r a n g e a r e o r d e r e d 
j o i n t l y . 
D a n i s h [4] c o n s i d e r s t h e c a s e o f r e o r d e r p o i n t c a l c u ­
l a t i o n s f o r a s i n g l e i t e m u n d e r c o n d i t i o n s o f u n c e r t a i n t y , 
g i v e n an a c c e p t e d r i s k o f s t o c k o u t . , He a s s u m e s t h a t t h e 
f r e q u e n c y d i s t r i b u t i o n s o f demand and l e a d t i m e a r e g i v e n 
and t h e n h e c a l c u l a t e s t h e m a r g i n a l d i s t r i b u t i o n o f l e a d 
t i m e demand i n f i v e d i f f e r e n t c a s e s w h e r e v a r i o u s demand 
and l e a d t i m e d i s t r i b u t i o n s a r e c o n s i d e r e d . F i n a l l y he 
s t u d i e s t h e e f f e c t o f t r u n c a t i o n o f t h e d i s t r i b u t i o n s o f 
demand and l e a d t i m e o n t h e v a l u e s o f L , t h e r e o r d e r p o i n t , 
and a , t h e r i s k o f s t o c k o u t . He c o n c l u d e s t h a t t h e r i s k o f 
s t o c k o u t d e c r e a s e s w i t h an i n c r e a s e i n t h e p e r c e n t a g e o f 
t r u n c a t i o n and a l s o t h a t t h e t r u n c a t i o n o f d i s t r i b u t i o n s 
p e r m i t s t h e s e t t i n g o f a l o w e r r e o r d e r p o i n t a s s o c i a t e d 
w i t h t h e g i v e n r i s k o f s t o c k o u t . 
F r e e m a n [ 7 ] c o n s i d e r s t h e d e t e r m i n a t i o n o f an R r 
i n v e n t o r y p o l i c y w h e n t h e demand i s d i s t r i b u t e d a c c o r d i n g 
t o a P o i s s o n d i s t r i b u t i o n and t h e l e a d t i m e i s a r a n d o m 
v a r i a b l e w i t h any p r o b a b i l i t y d i s t r i b u t i o n . He d e r i v e s 
f o r m u l a s f o r t h e o p t i m a l o r d e r q u a n t i t y and r e o r d e r p o i n t 
and p o i n t s o u t t h e f a c t t h a t t h e r e i s n o g u a r a n t e e t h a t 
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among a l l p o s s i b l e p o l i c i e s t h e R r p o l i c y i s o p t i m a l b u t 
b e c a u s e o f i t s r e a d y a p p l i c a b i l i t y and s i m p l i c i t y i t i s 
h i g h l y d e s i r a b l e f o r c o m m e r c i a l u s e . 
G a v e t t [ 9 ] d e a l s a l s o w i t h t h e d e t e r m i n a t i o n o f t h e 
r e o r d e r p o i n t u n d e r v a r i a b l e demand and l e a d t i m e . He 
a s s u m e s t h a t t h e p r o b a b i l i t y o f s t o c k o u t i s s p e c i f i e d b y 
management and t h a t t h e r e o r d e r p o i n t f o r a p a r t i c u l a r i t e m 
i s b a s e d u p o n t h i s s p e c i f i c a t i o n . C h a r t s a r e p r e s e n t e d f o r 
t h e g r a p h i c a l d e t e r m i n a t i o n o f t h e r e o r d e r p o i n t s . 
D a v i s [ 5 ] c o n s i d e r s a m u l t i - i t e m i n v e n t o r y s y s t e m 
s u b j e c t t o r e s t r i c t i o n s o n t h e s y s t e m c o s t o f o b t a i n i n g and 
h o l d i n g s t o c k o r o n t h e s y s t e m l e v e l o f s h o r t a g e s . H i s 
d e c i s i o n v a r i a b l e s a r e t h e r e o r d e r l e v e l s and r e o r d e r 
q u a n t i t i e s f o r each i t e m i n t h e s y s t e m . 
T h e d e t e r m i n a t i o n o f t h e r e o r d e r p o i n t , g i v e n a d e ­
s i r e d c u s t o m e r s e r v i c e l e v e l , h a s b e e n t r e a t e d e x t e n s i v e l y 
i n t h e l i t e r a t u r e . A s an e x a m p l e , E s t e s [ 6 ] c o n s i d e r e d t h e 
c a s e o f i n v e n t o r y s y s t e m s w i t h a s i n g l e i t e m . 
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C H A P T E R I I 
S T O C H A S T I C C O N S I D E R A T I O N S 
P r o b a b i l i s t i c A p p r o a c h 
T h i s r e s e a r c h i s g e n e r a l l y c o n c e r n e d w i t h s t a t i c 
p r o b a b i l i s t i c i n v e n t o r y m o d e l s . T h e e s s e n t i a l f e a t u r e o f 
a p r o b a b i l i s t i c m o d e l i s t h a t i t s m e a s u r e o f e f f e c t i v e n e s s -
s a y , c o s t — d e p e n d s n o t o n l y o n a s e t o f d e c i s i o n v a r i a b l e s 
X 1 ' X 2 ' * * * s u k J e c t t o t h e c o n t r o l o f t h e d e c i s i o n m a k e r b u t 
a l s o o n a s e t o f u n c o n t r o l l a b l e v a r i a b l e s ,p.2 / w h i c h 
a r e o n l y k n o w n s u b j e c t t o p r o b a b i l i t y d i s t r i b u t i o n s . T h e r e 
f o r e , t h e f o l l o w i n g c o s t f u n c t i o n can be w r i t t e n : 
F u r t h e r m o r e l e t f (p^ , . • ..)' be t h e j o i n t p r o b a b i l i t y 
d i s t r i b u t i o n o f t h e v a r i a b l e s p ^ / p ^ , . . . , s o t h a t 
00 00 
/ . . . / f ( p , , p 9 , . . . ) d p , , d p 9 , . . . = 1 
-00 -00 
I n o r d e r t o d e f i n e t h e n o t i o n o f an o p t i m a l p o l i c y f o r 
p r o b a b i l i s t i c m o d e l s , g i v e n t h e a s s u m p t i o n s made a b o v e , t h e 
c r i t e r i o n f o r o p t i m i z a t i o n m o s t commonly u s e d i s t h e e x ­
p e c t e d v a l u e o f t h e m e a s u r e o f e f f e c t i v e n e s s , i . e . . 
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E ( C ) = / . . . / C ( x 1 , x 2 , . . . ; P l ' P 2 ' ) f (Pj^ , P 2 , . . . ) d p j ^ d p ^ . . 
— O  —0 
T h e p a r t i c u l a r p o l i c y x ^ x ^ , . . . w h i c h m i n i m i z e s E (C) 
i s c a l l e d o p t i m a l . N o t e t h a t E ( C ) n o l o n g e r d e p e n d s o n t h e 
u n c e r t a i n v a r i a b l e s . A l t h o u g h t h e e x p e c t e d v a l u e i s a l m o s t 
e x c l u s i v e l y u s e d a s t h e o p t i m i z a t i o n c r i t e r i o n f o r p r o b a ­
b i l i s t i c m o d e l s , i t d o e s n o t r e p r e s e n t t h e o n l y p o s s i b i l i t y 
o f d e f i n i n g a m e a n i n g f u l c r i t e r i o n . R e s t r i c t i o n s w h i c h 
h a v e t o be f u l f i l l e d i n a s t r i c t s e n s e i n d e t e r m i n i s t i c 
m o d e l s may h a v e t o be r e p l a c e d by r e s t r i c t i o n s w h i c h m u s t 
h o l d w i t h a s p e c i f i e d p r o b a b i l i t y . 
I n p r i n c i p l e , i t i s p o s s i b l e t o g e n e r a l i z e a l l 
d e t e r m i n i s t i c m o d e l s f o r t h e c a s e o f p r o b a b i l i s t i c v a r i a ­
b l e s . H o w e v e r , t h e demand r a t e u s u a l l y i s t h e v a r i a b l e o f 
g r e a t e s t i n t e r e s t . F u r t h e r m o r e , t h e g r e a t m a t h e m a t i c a l 
c o m p l e x i t y added b y t h e u s e o f e x p e c t e d v a l u e s l i m i t s t h e 
u s e f u l n e s s o f m o r e s o p h i s t i c a t e d p r o b a b i l i s t i c m o d e l s . 
T h e r e f o r e , t h e f o l l o w i n g c h a p t e r s o f t h i s t h e s i s w i l l d w e l l 
u p o n r e l a t i v e l y s i m p l e m o d e l s w i t h p r o b a b i l i s t i c demand and 
l e a d t i m e . T h e s t a t i c n a t u r e o f t h e m o d e l i s u s u a l l y 
i n t r o d u c e d by t h e a s s u m p t i o n t h a t demand and l e a d t i m e 
come f r o m i n d e p e n d e n t , i d e n t i c a l p r o b a b i l i t y d i s t r i b u t i o n s . 
Demand m a t e r i a l i z e s c o n t i n u o u s l y i n t i m e i n s u c h a way t h a t 
a l i n e a r a p p r o x i m a t i o n o f t h e i n v e n t o r y c u r v e i s m e a n i n g f u l 
T h e f i n a l r e m a r k t o be made i s t h a t i n t h e d e t e r m i ­
n i s t i c c a s e i t i s p o s s i b l e t o d e t e r m i n e r e o r d e r p o i n t s i n 
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s u c h a way t h a t n o s h o r t a g e s o c c u r . I n t h e p r o b a b i l i s t i c 
c a s e , s h o r t a g e s can be p r e v e n t e d o n l y w i t h a s p e c i f i e d p r o b a ­
b i l i t y a ( c o n f i d e n c e l e v e l ) . 
M a r g i n a l D i s t r i b u t i o n C o n c e p t s 
I t i s i m p o r t a n t t o n o t e t h a t u n d e r t h e a s s u m p t i o n s 
made i n t h i s t h e s i s , t h e c o n c e p t o f a m a r g i n a l d i s t r i b u t i o n 
o f l e a d t i m e demand i s p a r t i c u l a r l y c r i t i c a l . T h a t i s , 
u n d e r t h e a s s u m p t i o n s o f s t o c h a s t i c l e a d t i m e a s w e l l a s 
s t o c h a s t i c demand p e r u n i t o f t i m e , t h e d i s t r i b u t i o n o f 
l e a d t i m e demand i s a m a r g i n a l d i s t r i b u t i o n . 
A s s u m e t h a t demand p e r day i s d e s c r i b e d b y t h e 
d i s t r i b u t i o n o f F i g u r e 1 . A s s u m e f u r t h e r t h a t t h e l e a d 
t i m e i n d a y s i s d e s c r i b e d by t h e d i s t r i b u t i o n o f F i g u r e 2 . 
T h e l e a d t i m e demand d i s t r i b u t i o n w o u l d be d e s c r i b e d by o n e 
o f t h e m a r g i n a l s o f t h e j o i n t p r o b a b i l i t y d i s t r i b u t i o n o f 
t h e d i s t r i b u t i o n s i n F i g u r e s 1 and 2 . 
F i g u r e 1 F i g u r e 2 
P r o b a b i l i t y D i s t r i b u t i o n P r o b a b i l i t y D i s t r i b u t i o n 
o f Demand o f L e a d T i m e 
1 0 
L e t f ( x , t ) r e p r e s e n t t h e j o i n t p r o b a b i l i t y d i s t r i ­
b u t i o n o f demand , x , and l e a d t i m e , t . 
L e t v ( t ) be t h e d i s t r i b u t i o n o f l e a d t i m e . T h e n 
h ( x i t ) m * l % * L 
w h e r e h ( x | t ) i s t h e c o n d i t i o n a l d i s t r i b u t i o n o f x g i v e n t . 
T h e m a r g i n a l d i s t r i b u t i o n o f l e a d t i m e d e m a n d , s , i s 
p ( s ) .= / f ( x , t ) d t = . / f ( x , t ) d t 
- c o o 
= / h ( x | t ) v ( t ) d t ( I I - l ) 
o 
W i t h e q u a t i o n ( I I - l ) i t i s p o s s i b l e t o f i n d t h e m a r g i n a l 
d i s t r i b u t i o n o f l e a d t i m e demand g i v e n t h e d i s t r i b u t i o n s 
o f demand and l e a d t i m e . 
Now l e t u be t h e e x p e c t e d v a l u e o f d e m a n d , u be x t 
2 
t h e e x p e c t e d v a l u e o f l e a d t i m e , a be t h e v a r i a n c e o f 
2 
d e m a n d , and be t h e v a r i a n c e o f l e a d t i m e . T h e e x p e c t e d 
v a l u e o f l e a d t i m e demand i s : 
E ( s ) = E ( x . t ) 
S i n c e t h e d i s t r i b u t i o n s o f l e a d t i m e and demand a r e i n d e ­
p e n d e n t , t h i s y i e l d s : 
E ( s ) = E ( x ) • E ( t ) = U x • u t = M s ( H - 2 ) 
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2 
a g = / ( s - y g ) p ( s ) d s = 
2 
= • / ( s - y x * y t ) p ( s ) d s 
= / [ ( s - y x t ) + ( y x t - y x - y t ) ] 2 p ( s ) d s 
F r o m ( I I - l ) 
p ( s ) = / h ( s | t ) v ( t ) d t 
o 
T h e n 
a
s
2 = / [ ( s " y x # t ) + i V i x t " y x ' y t ) ] 2 d s ^ h ( s | t ) v ( t ) d t 
oo oo 
= / v ( t ) / ( s - M t)z h ( s | t ) d t d s 
o o 
+ / y x 2 ( t - y t ) 2 v ( t ) d t / h ( s | t ) d s 
o o 
. + 2 / y x ( t - y t ) v ( t ) / ( s - y x - t ) h ( s | t ) d s « d t 
B u t 
T h e v a r i a n c e o f l e a d t i m e demand a i s s 
1 2 
/ ( s . - y t ) h ( s | t ) d s = / s . h ( s | t ) d s - / y t h ( s | t ) d s 
X _ _ X 
= t y v - t y v / h ( s | t ) d s = 0 
x x o 
A n d 
/ ( s - y t ) 2 h ( s | t ) d s = t a ' 
X X 
T h e n 
a 2 = / v ( t ) t a 2 d t + y 2 a . 2 
S ' X X t 
o 
= a x 2 y + y x 2 a f c 2 ( I I - 3 ) 
T h e m e a n a n d v a r i a n c e o f t h e m a r g i n a l d i s t r i b u t i o n o f l e a d 
t i m e d e m a n d c a n b e f o u n d w i t h e q u a t i o n s ( I I - 2 ) a n d ( I I - 3 ) , 
g i v e n t h e m e a n s a n d v a r i a n c e s o f t h e d i s t r i b u t i o n s o f d e ­
m a n d a n d l e a d t i m e . 
A s D a n i s h [ 4 ] p o i n t s o u t , h o w e v e r , i t i s n o t p o s s i b l e 
f r o m t h i s r e s u l t t o m a k e a n y k i n d o f s t a t e m e n t a b o u t t h e 
s h a p e o f t h e m a r g i n a l d i s t r i b u t i o n o f l e a d t i m e d e m a n d . 
A l t h o u g h i n p r a c t i c e t h e n o r m a l d i s t r i b u t i o n i s i n g e n e r a l 
a s s u m e d , D a n i s h s h o w s t h a t t h i s i s n o t a l w a y s c o r r e c t . 
F r o m h i s a n a l y s i s , t h e a s s u m p t i o n o f n o r m a l i t y f o r t h e 
d i s t r i b u t i o n o f l e a d t i m e d e m a n d i s v a l i d i n t h e f o l l o w i n g 
c a s e s : 
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A . Demand d i s t r i b u t i o n : P o i s s o n ; l e a d t i m e d i s t r i ­
b u t i o n : n o r m a l 
B . Demand d i s t r i b u t i o n : n o r m a l ; l e a d t i m e d i s t r i ­
b u t i o n : n o r m a l 
H o w e v e r , i t i s i n c o r r e c t t o a s s u m e a n o r m a l d i s t r i b u t i o n 
f o r t h e l e a d t i m e demand i n t h e f o l l o w i n g c a s e s : 
A . Demand d i s t r i b u t i o n : P o i s s o n ; l e a d t i m e d i s t r i ­
b u t i o n : e x p o n e n t i a l 
B . Demand d i s t r i b u t i o n : e x p o n e n t i a l ; l e a d t i m e 
d i s t r i b u t i o n : n o r m a l 
C. Demand d i s t r i b u t i o n : n o r m a l ; l e a d t i m e d i s t r i ­
b u t i o n : e x p o n e n t i a l 
T h e r e i s an i m p o r t a n t r e s u l t f r o m p r o b a b i l i t y t h e o r y 
c a l l e d t h e " C e n t r a l L i m i t T h e o r e m " w h i c h i s u s e f u l i n t h i s 
a n a l y s i s . I t can be s t a t e d a s f o l l o w s : 
L e t X ^ X ^ ^ X ^ , . . . be a s e q u e n c e o f i n d e p e n d e n t d i s t r i ­
b u t e d r a n d o m v a r i a b l e s w h e r e E ( X . ) e x i s t s . L e t 
1 
E ( X . ) = y . and V a r ( X . ) = a . 2 
1 1 i i 
T h e n Y = X1+X2 + X 3 •+ . . . + X R w i l l be a p p r o x i m a t e l y 
n o r m a l l y d i s t r i b u t e d w i t h mean y = y^ + y + y^ + • • • + u n 
2 2 2 3 2 and v a r i a n c e a = a , + a 0 + a_ + . . . + a . A s n m -i z 3 n 
c r e a s e s , t h e a p p r o x i m a t i o n i s b e t t e r and t h e d i s t r i b u t i o n 
o f Y becomes c l o s e r t o a n o r m a l c u r v e . 
F r o m t h i s t h e o r e m i t can be c o n c l u d e d t h a t i f t h e r e 
i s a l a r g e n u m b e r o f i t e m s i n i n v e n t o r y and e a c h i t e m h a s 
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an i n d e p e n d e n t l e a d t i m e demand d i s t r i b u t i o n ( w h i c h i s a l ­
m o s t a l w a y s t h e c a s e ) t h e n t h e t o t a l l e a d t i m e demand w i l l 
be a p p r o x i m a t e l y n o r m a l l y d i s t r i b u t e d w i t h mean e q u a l t o t h e 
sum o f t h e i n d i v i d u a l means and v a r i a n c e e q u a l t o t h e s u m o f 
t h e i n d i v i d u a l v a r i a n c e s . 
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C H A P T E R I I I 
F O R M U L A T I O N OF T H E I N V E N T O R Y M O D E L S 
T h e p u r p o s e i n c o n s t r u c t i n g a m a t h e m a t i c a l m o d e l o f 
an i n v e n t o r y s y s t e m i s t o u t i l i z e i t a s an a i d i n d e v e l o p i n g 
a s u i t a b l e o p e r a t i n g d o c t r i n e f o r t h e s y s t e m . U s u a l l y o n e 
a t t e m p t s t o a r r i v e a t an o p e r a t i n g d o c t r i n e t h a t w i l l make 
p r o f i t s a s l a r g e a s p o s s i b l e o r c o s t s a s s m a l l a s p o s s i b l e . 
I n o t h e r w o r d s , t h e c r i t e r i o n f o r s e l e c t i n g t h e o p e r a t i n g 
d o c t r i n e i s t h a t o f p r o f i t m a x i m i z a t i o n o r c o s t m i n i m i z a t i o n . 
I n some c a s e s t h e m a t h e m a t i c a l m o d e l i s s o c o m p l i c a t e d t h a t 
i t i s e x t r e m e l y d i f f i c u l t t o w o r k w i t h i t a n a l y t i c a l l y . I n 
s u c h s i t u a t i o n s , o n e can u s e a c o m p u t e r s i m u l a t i o n m o d e l t o 
s t u d y v a r i o u s o p e r a t i n g d o c t r i n e s . I n g e n e r a l , i t i s n o t 
p o s s i b l e t o d e t e r m i n e an o p t i m a l o p e r a t i n g d o c t r i n e b y u s e 
o f s i m u l a t i o n . A b o u t t h e b e s t t h a t can be d o n e u s i n g s i m u ­
l a t i o n i s t o s t u d y a s m a l l n u m b e r o f o p e r a t i n g d o c t r i n e s 
and t o s e l e c t t h e o n e w h i c h s e e m s t o be t h e b e s t . 
A s w i l l be s h o w n i n t h e f o l l o w i n g c h a p t e r s , t h e 
m o d e l s d e r i v e d f o r t h e i n v e n t o r y s y s t e m s c o n s i d e r e d i n t h i s 
t h e s i s a r e n o t s u i t a b l e f o r a n a l y t i c a l t r e a t m e n t . T h e r e ­
f o r e , u s e w i l l be made o f s i m u l a t i o n a s a f i r s t a p p r o a c h t o 
t h e s o l u t i o n o f t h e p r o b l e m a n d , b e t t e r y e t , an e f f i c i e n t 
s e a r c h a l g o r i t h m w i l l p e r m i t t h e d e t e r m i n a t i o n o f t h e b e s t , 
o r n e a r - o p t i m a l s o l u t i o n o f t h e i n v e n t o r y s y s t e m . 
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T h e S y s t e m P a r a m e t e r s 
I n o r d e r t o p r o c e e d w i t h t h e c o s t m i n i m i z a t i o n i t i s 
n e c e s s a r y t o i d e n t i f y and d e t e r m i n e w h i c h a r e t h e r e l e v a n t 
c o s t s i n v o l v e d i n t h e i n v e n t o r y s y s t e m . 
T h e f i r s t m a j o r c l a s s o f c o s t s i s t h e p r o c u r e m e n t 
c o s t s . I t i s c u s t o m a r y t o i d e n t i f y t h i s p r o c u r e m e n t e x p e n s e 
a s o r d e r i n g c o s t w h e n o u t s i d e s u p p l i e r s a r e i n v o l v e d , and 
s e t - u p c o s t , when t h e c o m m o d i t y i s s e l f - s u p p l i e d . 
T h e s e c o s t s , i n b o t h c a s e s , p l a y t h e same r o l e i n t h e 
a n a l y t i c a l f o r m u l a t i o n o f t h e i n v e n t o r y p r o b l e m . T h e o r d e r ­
i n g c o s t i n c l u d e s a l l t h o s e c o s t c o m p o n e n t s w h i c h r e s u l t 
f r o m t h e p r o c e s s i n g o f an o r d e r . I t i s o f t e n p o s s i b l e t o 
d e t e r m i n e t h e c o s t s p e r o r d e r d i r e c t l y f r o m c o s t a c c o u n t i n g 
d a t a . T h e s e l f - s u p p l i e r ' s p r o c u r e m e n t c o s t s a r e c a l l e d 
s e t - u p c o s t s . T h i s name i s , s t r i c t l y s p e a k i n g , o n l y c o r ­
r e c t i n t h e c a s e o f a company w i t h a p r o d u c t i o n l i n e w h i c h 
makes a n u m b e r o f i t e m s o n a j o b - o r d e r b a s i s . S e t - u p c o s t 
t h e n r e f e r s t o t h e c o s t o f c h a n g i n g o v e r t h e p r o d u c t i o n 
p r o c e s s t o p r o d u c e t h e o r d e r e d i t e m . 
T h e s e c o n d c l a s s o f c o s t s a r e t h e i n v e n t o r y c a r r y i n g 
c o s t s . T h i s i n c l u d e s a n u m b e r o f c o m p o n e n t c o s t s , n o t a l l 
o f w h i c h w i l l n e c e s s a r i l y be i n v o l v e d i n t h e s p e c i f i c p r o b ­
l e m s d i s c u s s e d h e r e . Some o f t h e s e c o m p o n e n t c o s t s a r e t h e 
c o s t o f t h e money t i e d u p i n i n v e n t o r y , t h e s t o r a g e c o s t s , 
t h e d e t e r i o r a t i o n c o s t s , and t h e i n s u r a n c e c o s t s . 
T h e t h i r d and f i n a l m a j o r c l a s s o f c o s t s i s t h e 
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s h o r t a g e c o s t . T h e r e a r e t w o v a r i a n t s o f t h i s c o s t , d e p e n d ­
i n g on t h e r e a c t i o n o f t h e p r o s p e c t i v e c u s t o m e r t o t h e o u t -
o f - s t o c k s i t u a t i o n . T h e f i r s t o n e , c a l l e d b a c k o r d e r c o s t , 
o c c u r s w h e n t h e s a l e t o t h e c u s t o m e r i s n o t l o s t , t h e r e i s 
o n l y a d e l a y i n s h i p m e n t o f t h e i t e m r e q u e s t e d . T h e s e c o n d 
o n e i s c a l l e d t h e c o s t o f a l o s t s a l e . I n t h i s c a s e t h e 
p r o s p e c t i v e c u s t o m e r c a n n o t o r d o e s n o t w a n t t o w a i t f o r 
t h e i t e m demanded and i n s t e a d s i m p l y g o e s t o a c o m p e t i t i v e 
s u p p l i e r w h i c h h a s t h e i t e m i n s t o c k . 
O f t h e t h r e e c l a s s e s o f c o s t s m e n t i o n e d a b o v e , t h e 
m o s t d i f f i c u l t t o d e t e r m i n e i s u n d o u b t e d l y t h e s h o r t a g e 
c o s t . A l t h o u g h t h e o r d e r i n g c o s t and t h e i n v e n t o r y c a r r y ­
i n g c o s t may b e s o m e w h a t d i f f i c u l t t o d e t e r m i n e , t h e s h o r t ­
age c o s t i s s e l d o m q u a n t i f i a b l e a n d , e v e n t h e n , i t i s m a i n l y 
b a s e d o n t h e s u b j e c t i v e j u d g m e n t o f t h e i n v e n t o r y m a n a g e r . 
A s H a d l e y and W h i t i n [ 1 0 ] p o i n t o u t , 
. . . i n any p r a c t i c a l s i t u a t i o n , i t i s v e r y d i f f i c u l t 
t o d e t e r m i n e a c c u r a t e l y t h e n a t u r e o f t h e b a c k o r d e r 
c o s t . B a c k o r d e r c o s t s a r e i n h e r e n t l y e x t r e m e l y d i f f i ­
c u l t t o m e a s u r e s i n c e t h e y can i n c l u d e s u c h f a c t o r s a s 
l o s s o f c u s t o m e r s ' g o o d w i l l . O t h e r p a r t s o f t h e b a c k -
o r d e r c o s t can be s o m e w h a t e a s i e r t o m e a s u r e ; h o w e v e r , 
t h e s e a r e u s u a l l y a s m a l l p a r t o f t h e t o t a l b a c k o r d e r 
c o s t . 
I n t h i s r e s e a r c h t h e s h o r t a g e c o s t s w i l l be c o n ­
s i d e r e d i n t h e b a c k o r d e r c a s e o n l y . T h e l o s t s a l e s c a s e 
w i l l n o t be t r e a t e d d u e t o i t s l e s s i n t e r e s t i n g m a t h e m a t i ­
c a l f o r m u l a t i o n and i t s f e w e r n u m b e r o f p r a c t i c a l a p p l i ­
c a t i o n s . 
1 8 
Due t o t h e d i f f i c u l t i e s t h a t a r i s e i n t h e p r a c t i c a l 
d e t e r m i n a t i o n o f t h e b a c k o r d e r c o s t , an a l t e r n a t i v e f o r m u ­
l a t i o n o f t h e i n v e n t o r y p r o b l e m w i l l be g i v e n c o n s i d e r i n g 
t h e s e r v i c e l e v e l d e s i r e d f o r t h e s y s t e m . 
T h e I n v e n t o r y M o d e l s 
T h e R , T M o d e l 
T h i s s e c t i o n i s c o n c e r n e d w i t h t h e p e r i o d i c r e v i e w 
m o d e l f o r t h e m u l t i - i t e m i n v e n t o r y s y s t e m . T h i s o p e r a t i n g 
d o c t r i n e r e q u i r e s t h a t an o r d e r be p l a c e d f o r an i t e m a t 
each r e v i e w t i m e i f t h e r e h a v e b e e n any demands a t a l l f o r 
t h a t i t e m i n t h e p a s t r e v i e w p e r i o d ( i . e . , t h e t i m e b e t w e e n 
t w o s u c c e s s i v e r e v i e w s ) . A s u f f i c i e n t q u a n t i t y i s o r d e r e d 
t o b r i n g t h e i n v e n t o r y p o s i t i o n o f i t e m i ( t h e a m o u n t o n 
h a n d p l u s o n o r d e r ) up t o a l e v e l R^. I n t h i s s y s t e m t h e 
q u a n t i t y o r d e r e d f o r any i t e m can v a r y f r o m o n e r e v i e w 
p e r i o d t o t h e n e x t . 
I n t h i s s y s t e m t h e f o l l o w i n g a s s u m p t i o n s a r e made: 
1 . T h e c o s t o f m a k i n g a r e v i e w i s i n d e p e n d e n t o f 
t h e v a r i a b l e s R . and T . 
1 • • • • 
2 . T h e u n i t c o s t o f any i t e m i s c o n s t a n t , i n d e ­
p e n d e n t o f t h e q u a n t i t y o r d e r e d . 
3 . B a c k o r d e r s a r e i n c u r r e d o n l y i n v e r y s m a l l 
q u a n t i t i e s . T h i s i m p l i e s t h a t w h e n an o r d e r a r r i v e s , i t 
i s a l m o s t a l w a y s s u f f i c i e n t t o m e e t any o u t s t a n d i n g b a c k -
o r d e r s . 
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4. I t i s a s s u m e d t h a t o r d e r s a r e r e c e i v e d i n t h e 
s a m e s e q u e n c e i n w h i c h t h e y w e r e p l a c e d , a n d f u r t h e r m o r e , 
t h e l e a d t i m e s f o r d i f f e r e n t o r d e r s c a n b e t r e a t e d a s i n d e ­
p e n d e n t r a n d o m v a r i a b l e s . 
T h e f o l l o w i n g n o t a t i o n w i l l b e u s e d : 
b a s e s t o c k l e v e l f o r i t e m i 
T t i m e b e t w e e n r e v i e w s , o r c y c l e l e n g t h 
n n u m b e r o f d i f f e r e n t i t e m s 
J t h e c o s t o f m a k i n g a r e v i e w 
A t h e c o s t o f p l a c i n g a n o r d e r 
I t h e i n v e n t o r y c a r r y i n g c h a r g e , e q u a l f o r a l l i t e m s 
C . t h e u n i t c o s t o f i t e m i 
1 
A ^ m e a n r a t e o f d e m a n d f o r i t e m i 
s t a n d a r d d e v i a t i o n o f d e m a n d r a t e f o r i t e m i 
T m e a n l e a d t i m e 
a s t a n d a r d d e v i a t i o n o f l e a d t i m e d i s t r i b u t i o n 
T 
l~u m e a n l e a d t i m e d e m a n d f o r i t e m i 
T h e f i r s t p a r t o f t h e t o t a l c o s t e q u a t i o n t o b e 
c o m p u t e d i s t h e a v e r a g e a n n u a l r e v i e w a n d o r d e r c o s t . S i n c e 
t h e t i m e b e t w e e n r e v i e w s i s T a n d a n o r d e r i s p l a c e d a t e a c h 
r e v i e w t i m e , t h i s c o s t w i l l b e : 
1 ( u i - i ) 
w h e r e L i s t h e c o m b i n e d c o s t o f a r e v i e w p l u s a n o r d e r . 
T h e a v e r a g e a n n u a l c o s t o f h o l d i n g i n v e n t o r y w i l l b e 
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C O M P U T E D F O R O N E I T E M A N D T H E N T H E S U M M A T I O N M A D E O V E R A L L 
I T E M S . I N A N Y P E R I O D , T H E I N V E N T O R Y P O S I T I O N O F I T E M I 
I M M E D I A T E L Y A F T E R T H E R E V I E W A N D P L A C E M E N T O F A N O R D E R I S 
R ^ . T H E N E T I N V E N T O R Y O F I T E M I I M M E D I A T E L Y A F T E R T H E 
A R R I V A L O F A P R O C U R E M E N T I S T H E N R.^ M I N U S T H E D E M A N D D U R I N G 
L E A D T I M E F O R T H A T I T E M . J U S T P R I O R T O T H E A R R I V A L O F T H E 
N E X T O R D E R , T H E N E T I N V E N T O R Y W I L L B E 
R . - ( L E A D T I M E D E M A N D ) . - ( R A T E O F D E M A N D ) . • T 
1 1 I 
T A K I N G E X P E C T A T I O N S : 
R . - Y . - X . T 
I I I 
T H E N D U R I N G O N E C Y C L E T H E N E T I N V E N T O R Y O F I T E M I W I L L V A R Y 
L I N E A R L Y B E T W E E N R ^ - Y ^ A N D R ^ - Y ^ - X ^ T . T H E A V E R A G E 
N U M B E R O F U N I T S I N I N V E N T O R Y I N A N Y C Y C L E I S 
W H I C H I S A L S O T H E E X P E C T E D N U M B E R O F U N I T S O F I T E M I I N 
I N V E N T O R Y D U R I N G O N E Y E A R . T H E N T H E A V E R A G E A N N U A L C O S T O F 
C A R R Y I N G I N V E N T O R Y F O R A L L I T E M S W I L L B E : 
Y . ) + ( R . - Y . - X . T ) ] 
L I I I 
= R . 
L 
X . T 
L 
2 
N X . T 
I = L 
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Now t h e a v e r a g e n u m b e r o f b a c k o r d e r s o f i t e m i i n c u r r e d p e r 
y e a r w i l l be c o m p u t e d . F i r s t t h e c a s e w h e r e t h e p r o c u r e m e n t 
l e a d t i m e i s a c o n s t a n t t w i l l be c o n s i d e r e d . I n t h i s m o d e l 
an o r d e r p l a c e d a t t i m e t w i l l a r r i v e i n t h e s y s t e m a t t i m e 
t + t , and t h e n e x t p r o c u r e m e n t w i l l a r r i v e i n t h e s y s t e m a t 
t i m e t + t + T . A f t e r t h e o r d e r i s p l a c e d a t t i m e t , t h e 
i n v e n t o r y p o s i t i o n o f i t e m i i s R . . A b a c k o r d e r w i l l o c c u r 
b e t w e e n t + t and t + t + T i f and o n l y i f t h e demand i n t h e 
t i m e p e r i o d t + T f o r i t e m i e x c e e d s R ^ . T h e r e f o r e t h e e x ­
p e c t e d n u m b e r o f b a c k o r d e r s o f i t e m i i n c u r r e d p e r p e r i o d i s 
/ ( x - R ) f . ( x | t + T ) d x . 
R i 1 1 1 
1 
w h e r e f ^ ( x ^ | t + T ) i s t h e p r o b a b i l i t y d i s t r i b u t i o n f o r t h e 
demand x ^ o f i t e m i d u r i n g t h e t i m e i n t e r v a l o f l e n g t h 
x + T . 
Now t h e p r o c u r e m e n t l e a d t i m e t i s c o n s i d e r e d a s a 
r a n d o m v a r i a b l e w i t h t h e p r o b a b i l i t y d i s t r i b u t i o n g ( t ) . 
T h e n i f and a r e t h e l e a d t i m e s f o r t h e o r d e r s p l a c e d 
a t t i m e s t and t + T , r e s p e c t i v e l y , t h e e x p e c t e d n u m b e r o f 
b a c k o r d e r s f o r i t e m i i n c u r r e d p e r p e r i o d w i l l be 
00 00 00 
/ / / ( X i - R i ) f ± ( x i | T 2 + T ) g ( T 2 ) g ( T 1 ) d x i dx d T 1 o o R . 1 
B u t 
2 2 
/ G ( X 1 ) D T 1 = 1 
A N D 
/ F I ( X I | T 2 + T ) G ( T 2 ) D T 2 
O 
I S T H E M A R G I N A L D I S T R I B U T I O N O F D E M A N D F O R I T E M I D U R I N G 
X 2 + T , W H I C H W I L L B E R E P R E S E N T E D B Y H ^ ( X ^ | T ) . T H E N T H E 
E X P E C T E D N U M B E R O F B A C K O R D E R S F O R I T E M I I N C U R R E D P E R 
P E R I O D W I L L B E 
B . ( R . , T ) = / ( X . - R . ) H . ( X . | T ) D X . 
1 I ^ L • . L I I 1 L 
A N D T H E E X P E C T E D N U M B E R O F B A C K O R D E R S I N C U R R E D P E R Y E A R 
W I L L B E 
^ B . ( R . , T ) 
I N O R D E R T O S I M P L I F Y C O M P U T A T I O N S , I T W I L L B E A S S U M E D T H A T 
T H E D I S T R I B U T I O N S O F D E M A N D F O R A N Y I T E M A N D T H E D I S T R I ­
B U T I O N O F L E A D T I M E A R E N O R M A L . U S I N G T H E R E S U L T S O F 
C H A P T E R I I , T H E M A R G I N A L D I S T R I B U T I O N O F D E M A N D F O R I T E M I 
D U R I N G T. + T W I L L B E N O R M A L L Y D I S T R I B U T E D W I T H M E A N E Q U A L T O 
Y H = A I ( T + T ) 
I 
A N D V A R I A N C E E Q U A L T O 
2 3 
a. 2 = ( t + T ) a . 2 + A . 2 V a r ( T + T ) n . 1 1 i 
— 2 2 2 = ( t + T)o. + A. a 
1 I T 
I n t h e c a s e o f c o n s t a n t l e a d t i m e s , , t h e v a r i a n c e o f h. 
r e d u c e s t o 
2 — 2 
a, = ( t + T ) a . h . l l 
Now t h e e x p e c t e d n u m b e r o f b a c k o r d e r s o f i t e m i i n c u r r e d 
p e r y e a r can be c o m p u t e d a s f o l l o w s : 
oo 
i B . ( R . , T ) = i J ( x ± - R i ) h i ( x i | T ) d x i 
R . l 
oo 
= i / ( x . - R . ) <$> 
R . l 
x . - A. ( t • + T ) l l 
/ ( T + 1)0. 2 + X,2G 2 
1 T 
d x . 1 
/ ( T + ( t  T ) o . 2 + A . 2 a 2(j) 
1 1 T 
R . • - A. ( T + T ) 1 1 
/ ( t + T ) a . 2 + A . 2 a 2 
1 I T 
+ ( A i ( T + T ) - R ± ) 
R i "' A i ( T + T ) 
AT + T ) a . 2 + A . 2 a 2 
1 T 
w h e r e (j) ( r ) = — — e r ^ 2 
/Tn 
a n d $ ( r ) = / < j ) (x )dx . T h e t o t a l 
r 
n u m b e r o f b a c k o r d e r s i n c u r r e d p e r y e a r i s s i m p l y 
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k I B . ( R . , T ) ( I I I - 3 ) 
i = l x 1 
T h e R , S R M o d e l 
T h e m o d e l t o be d e r i v e d i n t h i s s e c t i o n i s b a s e d o n 
t h e c o n c e p t o f a s y s t e m r e o r d e r p o i n t . I n o r d e r t o u t i l i z e 
t h i s m o d e l i n an i n v e n t o r y s y s t e m i t i s r e q u i r e d t h a t a 
t r a n s a c t i o n s r e p o r t i n g s y s t e m be e s t a b l i s h e d . T h a t i s , a l l 
t r a n s a c t i o n s o f i n t e r e s t be r e c o r d e d a s t h e y o c c u r , and t h e 
i n f o r m a t i o n be i m m e d i a t e l y made k n o w n t o t h e d e c i s i o n m a k e r . 
A f t e r each demand f o r any i t e m , t h e o n h a n d i n v e n t o r y l e v e l s 
o f a l l i t e m s a r e r e c o r d e d a n d added t o g e t h e r t o g i v e a s y s ­
t e m o n h a n d i n v e n t o r y . When t h i s s y s t e m l e v e l r e a c h e s t h e 
s y s t e m r e o r d e r p o i n t , an o r d e r i s p l a c e d f o r a l l i t e m s s o 
t h a t each i t e m i s b r o u g h t u p t o i t s b a s e s t o c k l e v e l . 
S i n c e t h e r a t e o f demand o f each i t e m i s a r a n d o m 
v a r i a b l e , t h e a m o u n t o n h a n d a t t h e t i m e o f r e o r d e r w i l l 
a l s o be a r a n d o m v a r i a b l e . T h e r e f o r e t h e q u a n t i t i e s o r d e r e d 
f o r each i t e m w i l l v a r y f r o m c y c l e t o c y c l e . 
I n o r d e r t o d e r i v e t h e c o s t c o m p o n e n t s o f t h i s s y s ­
t e m , i . e . , t h e o r d e r i n g c o s t and h o l d i n g c o s t , and t h e t o t a l 
n u m b e r o f b a c k o r d e r s i n c u r r e d p e r y e a r , t h e f o l l o w i n g a s s u m p ­
t i o n s a r e made: 
1 . T h e c o s t o f p l a c i n g an o r d e r i s i n d e p e n d e n t o f 
t h e a m o u n t o r d e r e d . 
2 . T h e u n i t c o s t o f any i t e m i s c o n s t a n t i n d e p e n d e n t 
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o f t h e q u a n t i t y o r d e r e d . 
3 . B a c k o r d e r s a r e i n c u r r e d i n v e r y s m a l l q u a n t i t i e s . 
4 . T h e r e i s n e v e r m o r e t h a n o n e o r d e r o u t s t a n d i n g . 
I n a d d i t i o n t o t h e n o t a t i o n u t i l i z e d i n t h e d e r i v a ­
t i o n o f t h e R , T m o d e l , t h e f o l l o w i n g w i l l b e u s e d h e r e : 
N e x p e c t e d n u m b e r o f c y c l e s p e r y e a r 
S R s y s t e m r e o r d e r p o i n t 
r ^ o n h a n d i n v e n t o r y o f i t e m i w h e n a n o r d e r i s p l a c e d 
q ^ q u a n t i t y o r d e r e d f o r i t e m i 
T o f i n d t h e y e a r l y o r d e r i n g c o s t o f t h e s y s t e m , i t 
i s n e c e s s a r y t o c o m p u t e t h e e x p e c t e d n u m b e r o f c y c l e s o r 
t h e e x p e c t e d n u m b e r o f o r d e r s p l a c e d i n o n e y e a r . 
B y d e f i n i t i o n : 
r . + r 0 + .... .+ r =• S R ( I I I - 4 ) 1 2 n 
A l s o b e d e f i n i t i o n 
q i = R i ~ r i ' 1 = 1 ' 2 ' - • • ' n 
A n d 
E ( q . ) = R . - E ( r . ) 
^ i l l 
q . = R . - r . ( I I I - 5 ) 
^ i l l 
B y d e f i n i t i o n o f t h e j o i n t o r d e r p o l i c y . 
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X, X 0 X 1 _ 2 n 
AND, USING - (111-5 ) 
n 
R , - r R - r R' - r i i z l n n 
F r o m ( I I I - 6 ) 
R , - r n R . - r . 1 1 l l 
T h u s 
X 
~ i = 2 , 3 , . . . , n 
R I = R I + 17 ( R I - V 
I n t h e same way 
X 
( I I I - 6 ) 
r n = R n + ( r i - R i > 
T h e n e q u a t i o n ( I I I - 4 ) y i e l d s 
r . = S R — r , — r « ~~ . . . — r . , — r . . .. — . . . — r 
1 1 2 l - l 1+1 n 
- S R " R I " IT ( ? I " V " ••• - R I - I " ^ ( ? I - V 
1 1 
" R I + 1 " ^ I F ( F I " V " ••• " RN " I T < ? I " R I > 
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After adding and subtracting to the right-hand side of 
the above equation and rearranging its terms, the result is 
n n R. T A. - A. T R. + SRA. 
1 i=l 3 1 i=l 3 1 
J^JZ 2Z±— _ (-III-7) 
r. = -l n 
j=l 3 
With this equation it is possible to find the expected 
value of the on hand inventory of item i when an order is 
placed. The expected number of cycles per year will be 
n 
N = —3__L (III-8) 
n 
y R. - SR 
Then the total yearly ordering cost is simply 
n 
A I Aj 
(III-9) 
n
j=i J The next cost component to be computed is the inventory 
holding cost. For any item, the inventory position immedi­
ately after the placement of an order is R̂. Its net inven­
tory immediately after the arrival of a procurement is then 
Ri ~ î' w^ere THE mean demand during lead time. Just 
prior to the arrival of the next order, the expected net 
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i n v e n t o r y w i l l be r \ - , w h e r e , a s p r e v i o u s l y d e f i n e d , r ^ 
i s t h e e x p e c t e d v a l u e o f t h e o n h a n d i n v e n t o r y o f i t e m i 
w h e n an o r d e r i s p l a c e d . T h e r e f o r e t h e a v e r a g e o n h a n d 
i n v e n t o r y l e v e l o f i t e m i i n any c y c l e i s 
\ [ ( R . - p . ) + ( r - p . ) ] = \ ( R . - 2 y . + r . ) 
w h e r e r ^ i s g i v e n b y - . ( 1 1 1 - 7 ) . ' . T h i s i s a l s o t h e e x p e c t e d 
n u m b e r o f u n i t s o f i t e m i i n i n v e n t o r y d u r i n g o n e y e a r . 
T h e n t h e a v e r a g e a n n u a l i n v e n t o r y h o l d i n g c o s t f o r a l l 
i t e m s w i l l b e : 
n I C. 
I —r1- ( R i " 2 y . + r ) ( I I I - 1 0 ) 
i = l z 1 i i 
I t r e m a i n s t o e v a l u a t e t h e a v e r a g e a n n u a l n u m b e r o f b a c k -
o r d e r s . T h e a v e r a g e n u m b e r o f b a c k o r d e r s p e r y e a r i s s i m p l y 
t h e e x p e c t e d n u m b e r o f b a c k o r d e r s i n c u r r e d p e r c y c l e t i m e s 
t h e a v e r a g e n u m b e r o f c y c l e s p e r y e a r , N . Now t h e n u m b e r 
o f b a c k o r d e r s n ^ ( x ^ , r ^ ) o f i t e m i i n c u r r e d i n a c y c l e w i l l 
s i m p l y be t h e n u m b e r o f b a c k o r d e r s o n t h e b o o k s w h e n a p r o ­
c u r e m e n t a r r i v e s . I f t h e l e a d t i m e demand i s x ^ , t h e n u m b e r 
o f b a c k o r d e r s w i l l be 
T h u s t h e e x p e c t e d n u m b e r o f b a c k o r d e r s o f i t e m i p e r p e r i o d 
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n i ( r i ) i s 
oo oo 
n - ( r . ) = • / / n . ( x . , r . ) h . ( x . ) g . ( r . ) d x . d r . 
1 1
 J J l l i i i i i o o 
= / / ( x . - r . ) h . ( x ) g . ( r . ) d x . d r . 
i 1 ! I 7 1 x i 7 ^1 v l 7 1 1 o r 
/ / x . h . ( x . ) g . ( r . ) d x . d r . j j i i v i 7 ^ i ' i 7 i i 
o r 
- / / r . h . ( x . J g . (r.. •) d x . d r . ' ; l l i i l l l 
o r 
x . h . ( x . ) d x . i l l l g . ( r . ) d r . y i l l 
J 
/ h . ( x . ) d x . ; i i l r . g . ( r . ) d r . i ^ x i 7 1 
w h e r e h ^ ( x ^ ) i s t h e m a r g i n a l d i s t r i b u t i o n o f l e a d t i m e 
demand o f i t e m i , g i v e n by 
h i ( x i ) = / f ± ( x i | T ) g ( T ) d T 
and g ^ ( r ^ ) i s t h e p r o b a b i l i t y d i s t r i b u t i o n o f t h e on h a n d 
i n v e n t o r y l e v e l r ^ . A t t h i s p o i n t i t i s c o n v e n i e n t , i n 
o r d e r t o s i m p l i f y t h e s u b s e q u e n t u t i l i z a t i o n s o f t h i s 
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result, to assume that the distributions of demand for any 
item and the distribution of lead time are normal. Again 
using the results of Chapter II, i t can be inferred that the 
marginal distribution of lead time demand for item i will be 







2 - 2 ^ , 2 2 o\ —TO. + A. a h i I I x 
a . d) 
x • 
f r . - y . l 
+ y^O 1 1 ; 
g.(r.)dr. x̂ x x 
r. - y . x Kx r.g.(r.)dr. x̂ x x x 
7 V r. - y . x Kx a . x 
g.(r.)dr. 3 i i x 
+ / y . $ i x 
r. - y . 
x Mx g. (r.)dr. 
* 1 1 x 
o 
r. •' - y . x Mx 
a. r.g.(r.)dr. 
x̂ x x x 
3 1 
I n o r d e r t o p r o c e e d w i t h t h e i n t e g r a t i o n s i n v o l v e d i n t h e 
a b o v e e q u a t i o n , t h e p r o b a b i l i t y d i s t r i b u t i o n o f r ^ , g ^ ( r ^ ) , 
s h o u l d b e d e t e r m i n e d . H o w e v e r , i t t u r n s o u t t h a t t h i s i s 
n o t a n e a s y t a s k . F u r t h e r m o r e , t h e r e s u l t i n g i n t e g r a l s c a n 
o n l y b e c o m p u t e d b y n u m e r i c a l m e t h o d s . F o r t h e s e r e a s o n s , 
a n a p p r o x i m a t e s o l u t i o n i s n e c e s s a r y , s u b s t i t u t i n g r ^ f o r 
r . . T h u s 
i 
- . ( r . ) = J " n i ( x i , r . ) h i ( x i ) d x i 
= / ( x . - r . ) h . ( x . ) d x . 
± 1 l i i i 
r . 
i 
= / x . h . ( x . ) d x . - r . H . ( r . ) 
4 i i i i i i i 
r 
i 
w h e r e I K ( x ^ ) i s t h e c o m p l e m e n t a r y c u m u l a t i v e d i s t r i b u t i o n 
o f t u ( x ^ ) , g i v e n b y 
H . ( r . ) = / h . ( x . ) d x . 
i i ± i i l 
r 
i 
T h e r e f o r e t h e a v e r a g e n u m b e r o f b a c k o r d e r s o f i t e m i i n ­
c u r r e d p e r y e a r w i l l b e 
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N / x . h . ( x . ) d x . - r . H . ( r . ) 
' 1 1 1 1 i i i 
i 
= N / x . - J - (J) 
x . - y . 
i K i 
h 
d x 
r . $ 
i 
i i 
I 1 ) 
- N ( y ± - r ± ) $ 





r . - y . 
l K i 
l ' 
T h e t o t a l n u m b e r o f b a c k o r d e r s i n c u r r e d p e r y e a r i s t h e n 
n 
N I 
i = l 
( p i ~ 




r . - y . 
l K i 
h 
n 
= N \ B . ( r . ) 
i = l 1 1 
( I I I - l l ) 
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CHAPTER IV 
CYCLIC COORDINATE METHOD: DESCRIPTION 
AND APPLICATIONS 
The Search Procedure 
As will be s h o w n in the following sections of this 
chapter, the difficulties encountered in the attempt to 
minimize the total cost equations will be overcome by the 
u t i l i z a t i o n o f a m e t h o d d e s c r i b e d by B a z a r a a [ 2 ] . I t i s a 
search procedure that he calls the "cyclic coordinate 
method". In his study he considers the following nonlinear 
programming problem P: 
minimize f(x) 
subject to ĝ  (x) <_ 0 i = 1, 2 , . . . ,m 
hi (x) = 0 i •= 1, 2 ,. . . ,k 
Bazaraa states that one of the popular schemes for 
solving the above problem is a penalty or barrier function 
approach, where the constrained problem is transformed into 
a single unconstrained problem, or a sequence of uncon­
strained problems. At least for the case of parametric 
penalty and barrier functions, however, the resulting un­
constrained problem is very ill-conditioned such that, even 
the most efficient unconstrained minimizing techniques have 
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a g r e a t d e a l o f d i f f i c u l t y i n h a n d l i n g t h e u n c o n s t r a i n e d 
p e n a l t y p r o b l e m ( s ) . I t t u r n s o u t t h a t s o m e o f t h e m o s t 
e l e m e n t a r y p r o c e d u r e s f o r u n c o n s t r a i n e d o p t i m i z a t i o n , w h i c h 
a r e u s u a l l y r e g a r d e d i n t h e l i t e r a t u r e a s i n e f f i c i e n t , c a n 
b e s u c c e s s f u l l y a d o p t e d t o s o l v e t h e p e n a l t y p r o b l e m . ( I n 
f a c t , B a z a r a a h a s d e v e l o p e d a c o d e b a s e d o n t h e c y c l i c 
c o o r d i n a t e m e t h o d t h a t h a s b e e n p r o v e d e f f i c i e n t f o r s o l v i n g 
c o n s t r a i n e d o p t i m i z a t i o n p r o b l e m s , b y t h e a i d o f p e n a l t y 
f u n c t i o n s . ) 
H e u s e s t h e f o l l o w i n g n o t a t i o n : 
d ^ i c o o r d i n a t e a x i s , d ^ i s a v e c t o r o f z e r o s , e x c e p t 
t h 
o n e a t t h e i p o s i t i o n 
A i n i t i a l s t e p s i z e 
A . m i n i m u m s t e p s i z e u s e d 
m m c 
3 r e d u c t i o n r a t e o f t h e s t e p s i z e 
A i n i t i a l p e n a l t y p a r a m e t e r 
A m a x i m u m p e n a l t y p a r a m e t e r u s e d m a x r J r 
Y p e n a l t y a c c e l e r a t i o n f a c t o r 
e m i n i m u m d i s p l a c e m e n t a l l o w e d p e r i t e r a t i o n 
t i t e r a t i o n c o u n t e r 
i l s w i t c h i n g f a c t o r b e y o n d w h i c h t h e p e n a l t y p a r a m e t e r 
a n d / o r t h e s t e p s i z e i s c h a n g e d 
| x | s u m o f t h e a b s o l u t e v a l u e s o f t h e x c o m p o n e n t s 
T h e n t h e c y c l i c c o o r d i n a t e s e a r c h p r o c e d u r e i s d e s c r i b e d 
a s f o l l o w s : 
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S t e p 1 . 
C h o o s e t h e s t a r t i n g v e c t o r x a n d a p p r o p r i a t e v a l u e s 
o f t h e a b o v e p a r a m e t e r s . L e t = x ^ , i = 1 , a n d g o t o 
s t e p 2 . 
S t e p 2 . 
S t a r t i n g f r o m y ^ , m i n i m i z e p ( . , A ) a l o n g t h e d i r e c ­
t i o n d ^ w i t h t h e s t e p s i z e A . T h i s l e a d s t o y j _ + ^ » I f 1 £ n ' 
r e p l a c e i b y i + 1 a n d r e p e a t s t e p 2 . O t h e r w i s e g o t o s t e p 3 . 
S t e p 3 . 
L e t x t + 1 = y n + 1 . I f | x t + 1 - > e , l e t i - 1 , 
y ^ = x t + ^ ' a n c ^ r e p e a t s t e p 2 . N o w s u p p o s e t h a t - x ^ _ | 
< e . I f A > A a n d A < A . , t h e n s t o p , w i t h o p t i m a l 
— m a x m m . c 
x t + ^ . O t h e r w i s e c h e c k w h e t h e r A A i s s m a l l e r t h a n I o r 
g r e a t e r t h a n o r e q u a l t o i i . I n t h e f o r m e r c a s e , A i s r e ­
p l a c e d b y m i n (yX,\ ) , a n d i n t h e l a t t e r c a s e , A i s r e -
r 2 1 ' m a x 
p l a c e d b y m i n ( 2 A , A ) , a n d A i s r e p l a c e d b y m a x ( 3 A , A . ) . 
m a x • -* m m 
L e t i = 1 , y ^ = x t + ^ , a n d r e p e a t s t e p 2 . 
B a z a r a a r e p o r t s t h a t n i n e s t a n d a r d t e s t p r o b l e m s 
w i t h v a r y i n g d e g r e e s o f d i f f i c u l t y w e r e a t t e m p t e d a n d t h a t 
t h e a b o v e a l g o r i t h m w a s a b l e t o s o l v e a l l t h e t e s t p r o b l e m s . 
F u r t h e r m o r e , t h e c o m p u t a t i o n a l t i m e w a s c o m p a r a b l e t o , a n d 
i n m a n y c a s e s w a s s i g n i f i c a n t l y l e s s t h a n , t h e c o m p u t a t i o n a l 
t i m e u s e d b y s o m e o f t h e s u c c e s s f u l p e n a l t y a n d n o n p e n a l t y 
b a s e d n o n l i n e a r p r o g r a m m i n g c o d e s . 
I n o r d e r t o u t i l i z e t h e a b o v e a l g o r i t h m t o f i n d t h e 
o p t i m a l s o l u t i o n o f t h e t o t a l c o s t e q u a t i o n s ( I V - 1 ) a n d 
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(IV-2) , the folowing parameters were selected: 
A = 1.0 Amax = 100 000.0 
3=0.15 Y = 10.0 
X = 1 .0 c 0.0004 
Each of the above parameters was chosen via a trial and 
error approach. In an actual application it would be 
important to make a prudent selection of these parameters. 
Optimization of the Inventory Models 
In the folowing sections the objective is to mini­
mize the total yearly costs (the sum of the ordering cost, 
holding cost, and backorder cost) of the inventory system. 
As stated before, the cost of a backorder is asumed to be 
known for every item in the system. 
The R,T Model 
From equations (III-l) , (III-2) , and (111-3) , the 
total cost function K(R̂,T) can be writen as 
K(R.,T) = | + J ICi(R. - V± - -£) 
n .+ • I *± i Bi(Ri,T) (IV-1) i=l
Then the optimum values of T and R̂ will be solutions to 
8K = 3K 3T 9R. U 
l 
3 7 
TT. it = lci + -T (RîtRilT) R.h.(R. T) i l l - / 
R 
h.(x. T)dx.) 1 1 l 
7T . 00 = IC. - / h.(x.|T)dx. l T i l l l R. l 
ic. - -i- $ l T R. - A . (t + T) l l 
/(t + T)a. 2 + A.2a 2 
1 T 
Let R. - A. (t + T) = A l l and AT + T) a.
 2 + A. 2a 2 = 
1 T B 
SK 
9T 
n IC.A. L Y i i 
2 ~ . 2 
T- i=l Z 




T + T 
A . 2 ( t + T) + a. 2 l l 
A. (T + T) - R. l l R A. 
+ A. (7 + T ) 3 / 2 l •it 
+ * B*l| - A$ 1. 
However, the analytical difficulties encountered make i t 
impossible to derive exact formulas for the optimum values 
of T and R̂ , T* and R*, respectively. Therefore the search 
algorithm described above will be used to determine the 
"optimum" solution of equation ( I V - 1 ) . 
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In order to minimize computer time utilization in 
the execution of this program, several runs were made to 
determine heuristically an appropriate starting x vector, 
i.e., one that is reasonably close to the optimal solution. 
The folowing starting vector was selected: 
/2XTa xi = R± = 1.5 / * i = 1,2,... ,n i 
„ 182 n 





The R,SR Model <? 
The same heuristic search procedure was adapted for 
the R,SR model. As before this model is based upon the 
selection of a system reorder point and individual base 
stock levels for each item. 
The total cost function K(R.,SR) in this model is 
obtained from equations (III-9) , (III-10) and (III-11) and 
is given by 2y. .+ r . ) i i n _ + N J TT . B. (r. ) (IV-2) i=l 1 1 1 




The o p t i m u m v a l u e s of a n d SR w i l l t h e n b e s o l u t i o n s t o 
3K 3K 
3R. 3SR l = 0 
n .L, l n I C . A. 
3K _ 1 = 1 , y I I 
3SR r n A ^ . ^ 
r n 
y R. - SR 
i = l 1 
2 i = l n 
2 I X . 
j = l 3 
n 
+ y TI. 
i = i 1 
/ x . h . ( x . ) d x . - r . H . ( r . ) 
J i i i I I l I 
-r 
n 
i = i 1 
y R. - SR 
l1=1 
n I A. 
i = l 
n I R ± - SR 
i = l 1 
n TT . A . 
- I — i — ± H . ( F . ) • S n i i 
- 1=1 I A. 
i = l 1 
3K 
3 R , 
n 
n I C - A I A . 
j =
 1 V + I C . - Y i A. rn l 9 x ^ 1 ^ J x > i 
j = l 3 
y R. - SR 
1 = 1 1 
n 
i = l 1 
/ x . h . ( x . ) d x . - r . H . ( r . ) 
1 i l l l ii l 
n I A 
j = l 3 
y R. - SR 
1 1 = 1 
n 
•Iri f - n _ X . 
+ - T T 2 ^ — - Wri> + .1 *iHi(ri> IR^ 
1=1 1=1 
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AGAIN IN THIS CASE IT I S NOT POSSIBLE TO SOLVE ANALYTICALLY 
THE RESULTING SYSTEM OF EQUATIONS FOR THE OPTIMUM VALUES OF 
R AND SR. THUS THE SAME APPROACH WILL BE UTILIZED, I . E . , 
THE APPLICATION OF THE SEARCH PROCEDURE DESCRIBED IN THE 
FIRST SECTION OF THIS CHAPTER. 
AFTER SEVERAL RUNS, THE STARTING X VECTOR SELECTED 
FOR THIS MODEL WAS: 
N 
•2X.A J Vi 
X. = R. = / - * + X . I - — I = 1 , 2 , . . . ,N I L NIC. L N 
1 I A. 
, L ^ 1 I=L 
N 
X . , = SR = J Y. 
N+1 . . ^ M I 
A SAMPLE OUTPUT OF THIS PROGRAM I S SHOWN IN FIGURE 4 . 
FIGURE 3 ILLUSTRATES THE SENSITIVITY OF THE TOTAL INVENTORY 
COSTS TO CHANGES IN R^ AND SR, FOR THE CASE OF A 2-ITEM 
INVENTORY SYSTEM. 
THE "OPTIMAL" SOLUTIONS OBTAINED WITH THE UTILIZATION 
OF THE SEARCH ALGORITHM WERE VERIFIED WITH AN EXHAUSTIVE 
TRIAL AND ERROR PROGRAM, WHICH CONFIRMED THE RESULTING TOTAL 
COSTS. 
THE SERVICE LEVEL APPROACH 
AS DISCUSSED IN CHAPTER I I I , IT I S EVIDENT THAT THE 
TASK OF DETERMINING BACKORDER COST PENALTY PARAMETERS MAY 
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T o t a l 
C o s t 
1 1 4 0 -I 
1 1 3 0 
1 1 2 0 • 
1 1 1 0 -
1 1 0 0 
1 0 9 0 
1 0 8 0 -
1 0 7 0 -
1 0 6 0 
1 0 5 0 -J 
1 0 4 0 
1 0 3 0 
1 0 2 0 
1 0 1 0 • 
1 0 0 0 -
9 9 0 • 
4 3 0 
R 2 = 3 6 5 
R 2 = 3 7 5 
R 2 -
3 8 5 
4 4 0 4 5 0 4 6 0 
R± = 7 4 5 
4 7 0 4 8 0 
S R 
4 9 0 
F i g u r e 3 . G r a p h o f t h e T o t a l I n v e n t o r y C o s t s a s a F u n c t i o n 
o f t h e D e c i s i o n V a r i a b l e s 
4 2 
E N T E R T H E N U M B E R OF I T E M S ( I N T E G E R ) T H E N R E T U R N . 
2 
E N T E R T H E F O L L O W I N G P A R A M E T E R S : 
1 - M E A N R A T E OF D E M A N D / I N U N I T S / Y E A R 
2 - M E A N L E A D T I M E D E M A N D / I N U N I T S 
3 - S T A N D A R D D E V I A T I O N OF L E A D T I M E D E M A N D / I N U N I T S 
4 - T H E C O S T OF A N I T E M / I N D O L L A R S 
5 - T H E C O S T OF A B A C K O R D E R / I N D O L L A R S 
A L L A R E R E A L S E P A R A T E D B Y COMMA 
E N T E R T H E D A T A F O R ONE I T E M P E R L I N E . 
1 0 0 0 . 0 / 4 1 . 0 / 4 . 0 / 1 5 . 3 0 / 5 . 0 0 
2 0 0 0 . 0 / 8 2 . 0 / 8 . 0 / 3 0 . 0 0 / 9 . 0 0 
E N T E R T H E I N V E N T O R Y H O L D I N G R A T E A N D T H E C O S T . OF A N O R D E R 
B O T H R E A L A N D S E P A R A T E D BY COMMA. 
0 . 2 5 / 2 0 . 0 0 
F O R T H I S 2 I T E M I N V E N T O R Y S Y S T E M / T H E E X P E C T E D Y E A R L Y 
C O S T S C O M P U T E D B Y T H E S E A R C H A L G O R I T H M A R E : 
I T E M H O L D I N G C O S T B A C K O R D E R C O S T 
1 1 1 6 . 7 6 5 . 9 5 
2 4 6 4 . 1 3 2 4 . 1 7 
T O T A L 5 8 0 . 8 9 3 0 . 1 2 
T H E O R D E R I N G C O S T F O R T H E S Y S T E M I S 4 1 7 . 8 5 
T H E T O T A L C O S T F O R T H E S Y S T E M I S 1 0 2 8 . 8 5 
T H E ' O P T I M A L ' S O L U T I O N I S D E S C R I B E D B E L O W : 
T H E S Y S T E M R E O R D E R P O I N T S H O U L D B E 1 4 4 U N I T S . 
T H E B A S E S T O C K L E V E L F O R I T E M 1 S H O U L D B E 9 6 U N I T S • 
T H E B A S E S T O C K L E V E L F O R I T E M 2 S H O U L D B E 1 9 1 U N I T S . 
* * * * * E N D OF P R O G R A M * * * * * 
F i g u r e 4 . A p p l i c a t i o n o f t h e S e a r c h A l g o r i t h m 
t o a 2 - I t e m I n v e n t o r y S y s t e m 
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be d i f f i c u l t a t b e s t . T o c i r c u m v e n t t h i s p r o b l e m , t h e c o n ­
c e p t o f s y s t e m s e r v i c e l e v e l may be s u b s t i t u t e d a s an o b j e c ­
t i v e m e a s u r e i n s t e a d o f b a c k o r d e r c o s t s . 
T h e r e a r e s e v e r a l d i f f e r e n t w a y s i n w h i c h t h e c o n ­
c e p t o f s e r v i c e l e v e l can be d e f i n e d . I n p r a c t i c e , i t i s 
u s u a l l y d e f i n e d a s t h e a v e r a g e f r a c t i o n o f t h e t i m e t h a t 
demand i s s a t i s f i e d f r o m s t o c k , w h i c h i s e q u i v a l e n t t o 1 -
( t h e e x p e c t e d n u m b e r o f b a c k o r d e r s i n c u r r e d p e r y e a r d i v i d e d 
b y t h e a v e r a g e r a t e o f d e m a n d ) . T h i s , o f c o u r s e , can be 
e x p r e s s e d a s a p r o b a b i l i t y and i s d e n o t e d b y 1 - P ( o u t ) 
w h e r e P ( o u t ) i s t h e p r o b a b i l i t y o f b e i n g O u t o f s t o c k . 
T h e n 
0 . <i <| -i _.' , , » E (demand s a t i s f i e d f r o m s t o c k ) S e r v i c e l e v e l = 1 - P ( o u t ) = — - E ( y e a r l y demand) 
O f t e n P ( o u t ) i s u s e d i n p l a c e o f s e r v i c e l e v e l s i n c e 
a 9 5 p e r c e n t s e r v i c e l e v e l i m p l i e s t h e i t e m i s o u t o f s t o c k 
5 p e r c e n t o f t h e t i m e . 
I n some i n s t a n c e s t h e m a n a g e r o f t h e s y s t e m w i l l 
p l a c e l i m i t s o n t h e s e r v i c e l e v e l s f o r c e r t a i n i t e m s . He 
may w i s h t o k e e p t h e p r o b a b i l i t y o f b e i n g o u t o f s t o c k , P 
( o u t ) , f r o m e x c e e d i n g some p r e s c r i b e d l e v e l a . T h u s h i s 
o b j e c t i v e i s t o k e e p P ( o u t ) ^ v e r y n e a r t h e v a l u e w h e r e 
may be d i f f e r e n t f r o m i t e m t o i t e m . T h e r e a r e a l s o o t h e r 
i t e m s i n t h e s y s t e m w h o s e s e r v i c e l e v e l s a r e n o t c r i t i c a l 
t o t h e o p e r a t i o n o f t h e e n t e r p r i s e . T h e m a n a g e r , i n t h a t 
c a s e , may w i s h t o u s e a s o b j e c t i v e s t h e s e r v i c e l e v e l s o f 
4 4 
h i s c r i t i c a l i t e m s a n d t h e o v e r a l l s y s t e m s e r v i c e l e v e l . 
T h u s , t h e p r o b l e m c a n b e r e f o r m u l a t e d a s 
m i n i m i z e o r d e r i n g c o s t + h o l d i n g c o s t 
s u b j e c t t o s y s t e m s e r v i c e l e v e l >_ a 
s e r v i c e l e v e l f o r i t e m i > 3 ^ , 
i = 1 , 2 , . . . , n 
w h e r e a a n d 3 ^ a r e t o b e s p e c i f i e d b y m a n a g e m e n t a t l e v e l s 
t h a t w i l l r e f l e c t d i r e c t l y o r n o t t h e v a l u e s a s s i g n e d t o 
b a c k o r d e r s a n d t h e i m p o r t a n c e a n d c r i t i c a l i t y o f t h e d i f f e r ­
e n t i t e m s i n t h e s y s t e m . 
T h e R , T M o d e l 
I n t h i s c a s e , t h e f o r m u l a t i o n o f t h e p r o b l e m i s 
m i n i m i z e 
i + 1 | 1 i c ± < r i - H - ¥> (IV-3) 
s u b j e c t t o 
i I E.(R.,T) 
1 ~ < 1 - a ( I V - 4 ) 
n 
i = l 1 
a n d 
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NOW IT I S CLEAR THAT I F THE COSTS IN THE OBJECTIVE FUNCTION 
(IV-3) ARE TO BE MINIMIZED, THE AVERAGE FRACTION OF TIME 
OUT OF STOCK SHOULD BE AS LARGE AS POSSIBLE. HENCE THE CON­
STRAINT ( IV-4 ) WILL BE ACTIVE, I . E . , 
1 N N 
S I B (R T) = (1 - A) I X. 
T I=L 1 1 I=L 1 
THEN FROM THE THEORY OF LAGRANGE MULTIPLIERS, ONE SHOULD 
FORM THE FUNCTION 
F ( r . , T , 6 ) = | + I C i ( R i - y . - - § - ) 
N N 
h I B. (R. ,T) - (1 - A) I X 
X I=L 1 1 I=L 1 
WHERE 9 I s A LAGRANGE MULTIPLIER, AND THE OPTIMAL VALUES OF 
R^,T AND 0 WILL BE SOLUTIONS TO 
dF = 9F _ 3F 
3 R i 3T ae 
GIVEN THAT THESE VALUES SATISFY CONSTRAINTS ( I V - 5 ) . I F 
THIS I S NOT THE CASE THEN SOME OF THESE CONSTRAINTS WILL 
BE ACTIVE AND SHOULD BE IMPOSED UPON THE FUNCTION F ( R ^ , T , 0 ) , 
EACH ONE WITH A NEW LAGRANGE MULTIPLIER. THE SOLUTION OB­
TAINED I S CHECKED IN CONSTRAINTS ( I V - 5 ) REMAINING AND I F 
SOME ARE VIOLATED, THE ABOVE PROCESS I S REPEATED. I F NOT, 
THE OPTIMAL SOLUTION HAS BEEN REACHED. HOWEVER, IT TURNS 
4 6 
OUT THAT THE ABOVE PROCEDURE I S NOT PRACTICAL DUE TO THE 
TEDIOUS EQUATIONS INVOLVED AND THE IMPOSSIBILITY OF WORKING 
ANALYTICALLY WITH THE RESULTING PARTIAL DERIVATIVES. HOW­
EVER, THE ABOVE PROBLEM CAN CONVENIENTLY BE SOLVED BY THE 
SEARCH ALGORITHM DESCRIBED IN THE FIRST SECTION OF THIS 
CHAPTER. IN THIS CASE THE OBJECTIVE FUNCTION BECOMES 
F ( R . , T ) = | + J IC. <R. - V ± 
AND THE CONSTRAINTS WILL BE 
G, (R. , T ) = — — —— - 1 + A 
^1 1 N 
I X . 
I=L 1 
F B (R , T ) 
G I (R I , T ) = - — ± j - ± 1 + 3 ± ; , I = 2 , 3 , . . . , N + L 
THE RESULTING FORTRAN PROGRAM I S SHOWN IN APPENDIX E, AND 
A SAMPLE OUTPUT IN FIGURE 5 . 
THE R,SR MODEL 




A :L X I N IC. 
+ . l = 1 -2+ < R I + F I " 2 V N 








—j—— < i " 3. , i = 1 , 2 , . . . ,n i l The same reasoning utilized for the <R,T> model is 
valid here, i.e., the Lagrange multiplier technique could 
be atempted to solve the above problem, but the analytical 
treatment required becomes extremely difficult and an opti­
mal solution, if any, is not possible to be determined by 
this method. Thus, again use will be made of the "cyclic 
coordinate method" to find the optimal solution of this 
system. 
The objective function is 
n 
A V X. —_ 
. _ , I n IC. _ f(R.,SR) = .- — + y (R. + r. - 2y.) l n ,-L- 2 l l Ki y R. - SR 1=1 i=l 1 and the constraints are 
4 8 
n 
g 1 ( R i , S R ) = - 1 + a 
and 
N B . ( r . J 
g ( R i f S R ) = 
i 
- 1 + 6 , i = • 2 , 3 n + 1 
I n t e r a c t i v e G o a l P r o g r a m m i n g 
I t s h o u l d be n o t e d t h a t t h e s p e c i f i c a t i o n o f a d e ­
s i r e d s e r v i c e l e v e l a p r i o r i may a l s o p r o v e t o be q u i t e 
d i f f i c u l t f o r t h e i n v e n t o r y d e c i s i o n m a k e r . A s a p r a c t i c a l 
a l t e r n a t i v e , i t may p r o v e h e l p f u l t o d e v i s e a scheme w h e r e b y 
t h e d e c i s i o n m a k e r can s e l e c t a d e s i r a b l e s e r v i c e l e v e l a f t e r 
o b s e r v i n g t h e e f f e c t s o f s u c h a s e r v i c e l e v e l c o n s t r a i n t o n 
t h e o t h e r v a r i a b l e s o f t h e o b j e c t i v e f u n c t i o n . I n s u c h a 
scheme t h e s e r v i c e l e v e l c o n s t r a i n t i s o b t a i n e d a f t e r a com­
p a r i s o n b e t w e e n s e v e r a l f e a s i b l e s e r v i c e l e v e l s and t h e r e ­
s u l t i n g i n v e n t o r y c o s t s f o r t h e s y s t e m w h e n o p e r a t i n g w i t h 
e a c h o f t h e s e s e r v i c e l e v e l s . 
g o a l p r o g r a m m i n g a l g o r i t h m p r o p o s e d by G a r r i d o and Deane 
[ 8 ] . T h e a d v a n t a g e o f t h i s p r o c e d u r e i s t h a t i t o v e r c o m e s 
some o f t h e p r o b l e m s o f t e n e n c o u n t e r e d i n a p p l i c a t i o n o f 
O p e r a t i o n s R e s e a r c h p r i n c i p l e s . B y u s i n g m u l t i p l e o b j e c t i v e s 
( c o s t m i n i m i z a t i o n and d e s i r e d s y s t e m s e r v i c e l e v e l ) and an 
F o r t h i s p u r p o s e , u s e w i l l be made o f t h e i n t e r a c t i v e 
4 9 
E N T E R T H E N U M B E R OF I T E M S ( I N T E G E R ) T H E N R E T U R N • 
2 
I S E A C H I T E M T O H A V E T H E S A M E M I N I M U M S E R V I C E L E V E L ? 
< E N T E R Y E S OR N O ) 
NO 
E N T E R T H E F O L L O W I N G P A R A M E T E R S : 
1 - M E A N R A T E OF D E M A N D , I N U N I T S / Y E A R 
2 - S T A N D A R D D E V I A T I O N OF D E M A N D R A T E * I N U N I T S / Y E A R 
3 - T H E C O S T OF A N I T E M , I N D O L L A R S 
4 - T H E M I N I M U M S E R V I C E L E V E L D E S I R E D F O R T H E I T E M 
A L L A R E R E A L S E P A R A T E D B Y COMMA 
E N T E R T H E D A T A F O R ONE I T E M P E R L I N E . 
1 0 0 0 . 0 , 1 0 0 . 0 , 1 5 * 0 0 , 0 . 5 5 
2 0 0 0 . 0 , 2 0 0 . 0 , 3 0 * 0 0 , 0 * 6 5 
E N T E R T H E I N V E N T O R Y H O L D I N G R A T E A N D T H E C O S T OF 
A R E V I E W • A N O R D E R • B O T H R E A L A N D S E P A R A T E D B Y COMMA• 
0 . 2 5 , 2 0 . 0 0 
E N T E R T H E MEAN A N D S T A N D A R D D E V I A T I O N OF L E A D T I M E , I N D A Y S , 
BOTH R E A L A N D S E P A R A T E D B Y COMMA. 
1 5 . 0 , 2 . 0 
E N T E R T H E D E S I R E D M I N I M U M S Y S T E M S E R V I C E L E V E L 
A R E A L N U M B E R B E T W E E N 0 A N D 1 . 
F O R T H I S 2 I T E M I N V E N T O R Y S Y S T E M , T H E E X P E C T E D Y E A R L Y 
C O S T S C O M P U T E D B Y T H E S E A R C H A L G O R I T H M A R E : 
0 . 9 4 
I T E M S E R V I C E L E V E L H O L D I N G C O S T 
2 
. 9 6 
. 9 3 
9 8 . 3 4 
3 4 7 . 0 6 
T O T A L . 9 4 4 4 5 . 4 0 
T H E R E V I E W • O R D E R C O S T F O R T H E S Y S T E M I S 4 4 5 . 1 2 
T H E T O T A L C O S T F O R T H E S Y S T E M I S 8 9 0 . 5 2 
F i g u r e 5 . A p p l i c a t i o n o f t h e S e r v i c e L e v e l A p p r o a c h 
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T H E • O P T I M A L ' S O L U T I O N I S D E S C R I B E D B E L O W : 
T H E T I M E B E T W E E N R E V I E W S F O R T H I S S Y S T E M S H O U L D B E 1 6 D A Y S . 
T H E B A S E S T O C K L E V E L F O R I T E M 1 S H O U L D B E 8 9 U N I T S . 
T H E B A S E S T O C K L E V E L F O R I T E M 2 S H O U L D B E 1 7 3 U N I T S . 
DO Y O U WANT T O C H A N G E T H E S Y S T E M S E R V I C E L E V E L ? ( Y E S OR N O ) 
Y E S 
DO YOU WANT TO C H A N G E T H E I N D I V I D U A L S E R V I C E L E V E L S ? 
NO 
E N T E R T H E D E S I R E D M I N I M U M S Y S T E M S E R V I C E L E V E L 
A R E A L N U M B E R B E T W E E N 0 A N D 1 . 
0 . 9 0 
F O R T H I S 2 I T E M I N V E N T O R Y S Y S T E M / T H E E X P E C T E D Y E A R L Y 
C O S T S C O M P U T E D B Y T H E S E A R C H A L G O R I T H M A R E : 
I T E M S E R V I C E L E V E L H O L D I N G C O S T 
1 . 9 7 1 3 3 . 5 9 
2 . 8 6 2 4 8 . 6 9 
T O T A L . 9 3 3 4 9 . 2 8 
T H E R E V I E W + ORDER C O S T F O R T H E S Y S T E M I S 4 8 6 . 6 7 
T H E T O T A L C O S T F O R T H E S Y S T E M I S 8 3 5 . 9 5 
T H E ' O P T I M A L * S O L U T I O N I S D E S C R I B E D B E L O W : 
T H E T I M E B E T W E E N R E V I E W S F O R T H I S S Y S T E M S H O U L D B E 1 5 D A Y S . 
T H E B A S E S T O C K L E V E L F O R I T E M 1 S H O U L D 8 E 8 8 U N I T S . 
T H E B A S E S T O C K L E V E L F O R I T E M 2 S H O U L D B E 1 5 6 U N I T S . 
DO YOU WANT T O ' C H A N G E T H E S Y S T E M S E R V I C E L E V E L ? ( Y E S OR N O ) 
NO 
DO YOU WANT TO C H A N G E T H E I N D I V I D U A L S E R V I C E L E V E L S ? 
NO 
F i g u r e 5 . C o n t i n u e d 
5 1 
i n t e r a c t i v e a p p r o a c h t h e l a n g u a g e s o f b u s i n e s s and o p t i m i ­
z a t i o n can be b r o u g h t c l o s e r t o g e t h e r . F u r t h e r m o r e , a s 
G a r r i d o and Deane s t a t e , 
. . . e x t e n s i v e m a t h e m a t i c a l m o d e l s e x i s t t o d e a l w i t h 
n u m e r o u s p r o b l e m s i t u a t i o n s , y e t i n t h e b u s i n e s s w o r l d 
t h e y a r e s e l d o m u s e d . R e a s o n s f o r t h i s can be a t t r i ­
b u t e d t o many f a c t o r s b u t s u r e l y , t h e f a c t t h a t b u s i ­
n e s s m e n do n o t f u l l y t r u s t t h e s o - c a l l e d o p t i m u m s o l u ­
t i o n s a r r i v e d by " m a g i c a l - m y s t i c a l " m e a n s , m u s t be a t 
t h e t o p o f t h e l i s t . T h e o p e r a t i o n s r e s e a r c h p r a c t i ­
t i o n e r h a s h e r e t o f o r e b e e n g u i l t y o f a s k i n g management 
f o r u n d e t e r m i n a b l e c o s t p a r a m e t e r e s t i m a t e s and t h e n 
s h o w i n g t h e " o p t i m a l " s o l u t i o n back t o t h e m a n a g e r . 
E v e n w h e n t h e s o l u t i o n p r o c e d u r e s a r e r e a s o n a b l y w e l l 
e x p l a i n e d , and p r o p e r l y packaged and s o l d t o m a n a g e ­
m e n t , m o s t m a n a g e r s w o u l d r a t h e r t r u s t t h e i r i n t u i t i o n . 
T h e i n t e r a c t i v e p r o c e d u r e can be d e s c r i b e d a s f o l l o w s 
1 . O b t a i n an i n i t i a l v a l u e o f a , a ° . T h i s can be 
done by an a r b i t r a r y a s s i g n m e n t o r by a s k i n g t h e d e c i s i o n 
m a k e r t o g i v e an i n i t i a l e s t i m a t e f o r t h i s p a r a m e t e r . 
2 . U s i n g t h e i n i t i a l v a l u e o f a (ct°) f i n d t h e o p t i ­
m a l v a l u e s o f t h e d e c i s i o n v a r i a b l e s ( R * and T * f o r t h e R , T 
I 
m o d e l o r R * and S R * f o r t h e R , S R m o d e l ) . T h i s y i e l d s 
C ( R . , T ) ° o r C ( R i , S R ) ° , t h e i n i t i a l v a l u e f o r t h e s u m o f 
o r d e r i n g and h o l d i n g c o s t s . 
3 . P e r t u r b ( i . e . , i n c r e a s e o r d e c r e a s e ) t h e p r e s e n t 
v a l u e o f a , s a y a k , and o b t a i n C ( R i , T ) k + 1 o r C ( R i , S R ) k + 1 
and a k + 1 . I f C ( R i , T ) k + 1 o r C ( R i , S R ) k + 1 i s t h e p r e f e r r e d 
r e s u l t i n g s o l u t i o n a f t e r a l l p o s s i b l e p e r t u r b a t i o n s o f a , 
t e r m i n a t e , o t h e r w i s e i n c r e a s e k by o n e and r e p e a t s t e p 3 . 
T h e a l g o r i t h m above w a s p r o g r a m m e d i n F o r t r a n o n a 
U n i v a c 1 1 0 8 c o m p u t e r i n o r d e r t o i l l u s t r a t e t h e t r a d e o f f s 
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w h i c h m u s t be made b y a d e c i s i o n m a k e r w h e n u s i n g t h i s t y p e 
o f p r o b l e m s o l v i n g a p p r o a c h . I t a l s o s e r v e s t o i l l u s t r a t e 
t h e i n t e r d e p e n d e n c i e s b e t w e e n t h e C ( x ) ' s and a ' s . T h e p r o ­
g ram i s s h o w n i n A p p e n d i x D . A c o m p u t e r p r i n t o u t o f a 
n u m e r i c a l e x a m p l e i s s h o w n i n F i g u r e 6 . 
I t i s i m p o r t a n t t o n o t e t h a t , t h e p r o b l e m c o n s i d e r e d 
i n t h e f i r s t p a r t o f t h i s c h a p t e r w a s a s i n g l e o b j e c t i v e 
p r o b l e m . T h e o b j e c t i v e w a s t o m i n i m i z e t h e t o t a l y e a r l y 
v a r i a b l e c o s t o f r u n n i n g an i n v e n t o r y s y s t e m . Had any o f 
t h e c o s t f a c t o r s A , I , o r TT^ , n o t b e e n a v a i l a b l e o r o b t a i n ­
a b l e , s u c h a s t r a i g h t f o r w a r d o p t i m i z a t i o n p r o c e d u r e w o u l d 
n o t h a v e b e e n a p p l i c a b l e . T h e a p p r o a c h g i v e n i n t h i s s e c ­
t i o n w o u l d t h e n be a b l e t o h a n d l e t h e p r o b l e m a n d s u p p l y 
t h e manager w i t h t h e a n s w e r s h e w o u l d be l o o k i n g f o r . 
5 3 
E N T E R T H E N U M B E R OF I T E M S ( I N T E G E R ) T H E N R E T U R N . 
2 
I S E A C H I T E M TO H A V E T H E S A M E M I N I M U M S E R V I C E L E V E L ? 
( E N T E R Y E S OR N O ) 
Y E S 
E N T E R T H E COMMON M I N I M U M S E R V I C E L E V E L F O R A N Y A N D A L L I T E M S 
A R E A L N U M B E R B E T W E E N 0 A N D 1 . 
0 . 6 0 
E N T E R T H E F O L L O W I N G P A R A M E T E R S : 
1 - M E A N R A T E OF D E M A N D , I N U N I T S / Y E A R 
2 - M E A N L E A D T I M E D E M A N D , I N U N I T S 
3-STANDARD DEVIATION OF LEAD TIME DEMAND, IN UNITS 
4 - T H E C O S T OF A N I T E M , I N D O L L A R S 
A L L A R E R E A L S E P A R A T E D B Y COMMA 
E N T E R T H E D A T A F O R ONE I T E M P E R L I N E . 
1 0 0 0 . 0 , 4 1 . 0 , 4 . 0 , 1 5 . 0 
2 0 0 0 . 0 , 8 2 . 0 , 8 . 0 , 3 0 . 0 
E N T E R T H E I N V E N T O R Y H O L D I N G R A T E A N D T H E C O S T OF A N O R D E R 
B O T H R E A L A N D S E P A R A T E D BY COMMA. 
0 . 2 5 , 2 0 . 0 0 
E N T E R T H E D E S I R E D M I N I M U M S Y S T E M S E R V I C E L E V E L 
A R E A L N U M B E R B E T W E E N 0 A N D 1 . 
0 . 9 4 
A B 
C O S T 1 3 3 8 . 3 7 8 6 3 . 0 0 
S Y S T E M S E R V I C E L E V E L . 9 9 9 9 6 . 9 4 0 0 0 
* * * * * * DO YOU P R E F E R A OR 3 ? * * * * * * 
* * I F YOU WANT T O S T O P T Y P E S T O P * * 
F i g u r e 6 . A p p l i c a t i o n o f t h e G o a l P r o g r a m m i n g A p p r o a c h 
COST 
SYSTEM SERVICE LEVEL 
A B 
* * * * * * DO YOU PREFER A OR B? * * * * * * 
* * IF YOU WANT TO STOP TYPE STOP * * 
A 
A B 
COST 9 1 3 . 3 4 8 6 3 . 0 0 
SYSTEM SERVICE LEVEL . 9 7 0 0 0 . 9 4 0 0 0 
* * * * * * DO YOU PREFER A OR B? * * * * * * 
* * IF YOU WANT TO STOP TYPE STOP * * 
STOP 
ENTER THE SYSTEM SERVICE LEVEL THAT YOU PREFER. 
0 . 9 6 
USING THE SERVICE LEVEL SELECTED ABOVE/ 
THE SYSTEM COSTS WILL BE: 
ITEM SERVICE LEVEL HOLDING COST 
1 1.00 14 0 . 4 9 
2 . 9 4 4 4 8 . 4 8 
TOTAL . 9 6 5 8 8 . 9 8 
THE ORDERING COST FOR THE SYSTEM IS 3 0 0 . 2 8 
THE TOTAL COST FOR THE SYSTEM IS 8 8 9 . 2 6 
THE 'OPTIMAL* SOLUTION IS DESCRIBED BELOW: 
THE SYSTEM REORDER POINT SHOULD BE 120 UNITS. 
THE BASE STOCK LEVEL FOR ITEM 1 SHOULD BE 111 UNITS 
THE BASE STOCK LEVEL FOR ITEM 2 SHOULD BE 208 UNITS 
* * * * * * END OF PROGRAM * * * * * * 
F i g u r e 6 . C o n t i n u e d 
8 0 1 . 4 4 
. 8 8 0 0 0 
863 . 0 0 




I N I T I A L 
VALUE OF a 
k = l 
S E L E C T 
S T A R T I N G 
V E C T O R X , 
M I N I M I Z E 
p ( X , A ) AND 
O B T A I N Y 
i + 1 
I S i < n 
I S \ > \ 
— max 
AND A <A . 
m i n 
X = M I N ( Y X , X ) 
max 
NO 
i = l 
" 1 
t = l 
YES 
NO 
X t + 1 = Y n + 1 
i = i + 1 
t -• t + 1 
HAS A 
CONCLUSION 
\ BEEN REACHED 
NO 
YES 
I S XA < I 
PERTURB al 
TO O B T A I N a + 
k = k + 1 
NO 
X = M I N ( 2 X , A 
A=MAX (3A,A . } 
m i n 
F I G U R E 7 . F L O W C H A R T O F T H E S E A R C H P R O C E D U R E 
5 6 
C H A P T E R V 
S I M U L A T I O N E X P E R I M E N T S 
T h i s c h a p t e r p r o v i d e s a d e s c r i p t i o n o f t h e s i m u l a t i o n 
m o d e l u s e d i n t h i s r e s e a r c h a l o n g w i t h an a n a l y s i s o f t h e 
r e s u l t s o b t a i n e d . A c o m p u t e r s i m u l a t i o n p r o g r a m w r i t t e n i n 
GASP I I w a s u t i l i z e d , a p r o g r a m m i n g l a n g u a g e w h i c h I n h e r e n t l y 
h a s t h e n e c e s s a r y h o u s e k e e p i n g r o u t i n e s f o r c o n d u c t i n g a 
s i m u l a t i o n w h i l e t h e u s e r w r i t e s s u b r o u t i n e s p e r t i n e n t t o 
t h o s e e v e n t s b e i n g s i m u l a t e d . T h i s p r o g r a m m o d e l s a m u l t i -
i t e m i n v e n t o r y s y s t e m w h i c h o p e r a t e s u n d e r a j o i n t - o r d e r 
c o n s t r a i n t w i t h b a c k o r d e r s p e r m i t t e d . I t i s c a p a b l e o f 
s i m u l a t i n g d e m a n d s , o r d e r s , r e c e i p t s , and p e r f o r m i n g a c c o u n t ­
i n g f u n c t i o n s and p e r t i n e n t c a l c u l a t i o n s t o d e r i v e c o s t and 
s t a t i s t i c a l d a t a f o r e a c h i t e m i n t h e s y s t e m . 
E x p e r i m e n t a l P r o c e d u r e 
T h e p r o c e d u r e u t i l i z e d t o compare t h e r e s u l t s f r o m 
t h e s i m u l a t i o n p r o g r a m w i t h t h e o n e s f r o m t h e s e a r c h 
a l g o r i t h m can now be d e s c r i b e d . 
A n u m e r i c a l e x a m p l e o f a 2 - i t e m i n v e n t o r y s y s t e m w a s 
s e l e c t e d a s s h o w n i n T a b l e 1 . Chosesn an a r b i t r a r y s y s t e m 
s e r v i c e l e v e l , t h e s e v a l u e s w e r e u s e d t o r u n t h e s i m u l a t i o n 
p r o g r a m o f t h e " j o i n t m a r g i n a l o r d e r p o i n t " a p p r o a c h a n d t h e 
t o t a l y e a r l y c o s t s r e c o r d e d . T h e same i n p u t v a l u e s w e r e 
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utilized in the search algorithm programs of the <R,SR> 
and <R,T> models. The resulting total yearly costs were 
recorded and the optimal values of the decision variables 
(R. and SR for the R, SR model and R. and T for the R,T 1 1 
model) used as inputs in the corresponding simulation pro­
grams, whose resulting total costs were also recorded. This 
process was repeated for nine different system service 
levels, ranging from 0.9997 to 0.8706. The results are 
shown in Table 2. 
Discussion of Results 
From Table 2 it appears that, the programs for the 
"system reorder point" model and the periodic review model 
give very consistent results, that is, as the system ser­
vice level is decreased, the resulting policy costs also 
decrease. 
Although the total yearly costs for the R,SR model 
are lower than for the other two models, it cannot be con­
cluded that this is an optimal policy and should be utilized 
in real situations whenever possible. in fact, due to the 
analytical difficulties involved in the derivation of opti­
mal solutions for these models, only a careful and exhaus­
tive experimental design can yield results that would lead 
to meaningful conclusions. 
It is important to note that, the time between re­
views, T, in the <R,T> model is, in general, one half of 
the cycle length in the <R,SR> model. 
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For this numerical example suppose there are two 
items in the system and their characteristics are given in 
the table below. 
Table 1. Data Set for Numerical Example 
Item 1 Item 2 
X 1000 2000 
0 100 200 
M 41 82 
C 15 30 
Let I = 0.25 be used as the inventory holding rate 
(the same for all items) and A = 20..00 be the cost of an 
order. The lead time has a mean T == 15 days and standard 
deviation a = 2 days. 
59 
T a b l e 2 . R e s u l t s f o r D a t a S e t o f T a b l e 1 
S y s t e m 
S e r v i c e 
L e v e l 
<R,e> 
M o d e l 
S i m u l a ­
t i o n 
< R , S R M o d e l > 
S y s t e m R e o r d e r P t . 
< R , T M o d e l > 
P e r i o d i c R e v i e w 
S e a r c h 
A l g o r i t h m 
S i m u l a ­
t i o n 
S e a r c h 
A l g o r i t h m 
S i m u l a ­
t i o n 
0 . 9 9 9 7 1 0 9 5 . 0 0 1 0 3 7 . 9 0 1 0 6 2 . . 30 1 2 6 5 . 6 0 1 2 2 6 . 9 0 
0 . 9 9 2 0 1 0 0 8 . 1 0 9 3 6 . 6 0 9 5 2 „ 9 0 1 0 7 8 . 8 0 10 8 1 . 9 0 
0 . 9 8 0 7 9 7 1 . 6 0 9 4 7 . 2 0 9 7 2 „ 3 0 1 0 0 9 . 6 0 1 0 3 8 . 4 0 
0 . 9 7 1 7 9 4 3 . 8 0 9 1 0 . 3 0 9 1 0 . 3 0 9 7 1 . 8 0 9 2 5 . 4 0 
0 . 9 5 9 3 9 0 9 . 1 0 8 8 8 . 2 0 898. . 10 9 3 6 . 1 0 8 7 6 . 8 0 
0 . 9 4 0 3 8 7 7 . 6 0 8 6 3 . 2 0 9 0 6 . . 6 0 8 9 0 . 6 0 8 3 9 . 1 0 
0 . 9 2 4 0 84 5 . 1 0 8 2 8 . 3 0 8 5 2 . . 7 0 8 5 9 . 2 0 7 9 2 . 6 0 
0 . 9 0 6 0 8 1 2 . 8 0 8 3 0 . 7 0 863 . . 50 8 5 1 . 9 0 8 1 4 . 6 0 
0 . 8 7 0 6 7 8 9 . 5 0 8 1 3 . 3 0 8 7 4 . 0 0 7 9 3 . 9 0 7 7 4 . 3 0 
6 0 
CHAPTER VI 
CONCLUSIONS AND RECOMMENDATIONS 
Inventory stockage situations are fundamentally 
alike, each involving some aspects of cost, service, and 
usage. The objective in any given situation is to make 
that set of decisions which will minimize total costs and 
provide an acceptable—or economical-—service level at the 
expected demand or usage rate. It is necessary that 
appropriate cost parameters, desired service levels, and 
forecasts of demand and replenishment characteristics be 
determined for each item in the system. 
Here, for all practical purposes, the similarity 
ends. Each inventory problem will differ somewhat in the 
specific use of quantitative methods available for control 
and management. The level of sophistication required in 
employing decision models will depend on the unique charac­
teristics of each situation. Thus, the models and methods 
discussed in this thesis should be considered primarily 
as a specific approach to the joint-order constrained in­
ventory system and not as a solution to be utilized in 
every real world situation. 
Conclusions 
As a result of the research conducted in the 
6 1 
p r e p a r a t i o n o f t h i s t h e s i s , t h e f o l l o w i n g c o n c l u s i o n s h a v e 
b e e n made: 
1 . W i t h t h e s e t s o f d a t a u s e d i n t h i s r e s e a r c h , t h e 
< R , S R > m o d e l a p p e a r e d t o w o r k e f f e c t i v e l y , y i e l d i n g i n m o s t 
c a s e s s o l u t i o n s w i t h l o w e r t o t a l c o s t s t h a n t h e s o l u t i o n s 
f r o m t h e o t h e r m o d e l s . 
2 . T h e s e a r c h a l g o r i t h m u t i l i z e d i n t h e o p t i m i z a t i o n 
o f t h e t o t a l c o s t e q u a t i o n s h a s p r o v i d e d c o n s i s t e n t s o l u ­
t i o n s and h a s p r o v e d e f f i c i e n t , i n t h e s e n s e t h a t c o m p u t e r 
/ 
t i m e u t i l i z a t i o n h a s b e e n n e g l i g i b l e f o r m o s t o f t h e t e s t 
r u n s made i n t h i s r e s e a r c h . 
3 . W i t h t h e u t i l i z a t i o n o f t h e s e r v i c e l e v e l c o n ­
c e p t , t h e i n t e r a c t i v e g o a l p r o g r a m m i n g a p p r o a c h can be 
u t i l i z e d by management w h e n e v e r a d e c i s i o n o n t h e m o s t s u i t ­
a b l e s y s t e m s e r v i c e l e v e l h a s t o be r e a c h e d . 
4 . T h e s i m u l a t i o n m o d e l u t i l i z e d t o compare t h e 
r e s u l t s f r o m t h e s e a r c h a l g o r i t h m p r o d u c e d good r e s u l t s and 
i s an e f f i c i e n t p r o c e s s o f s t u d y i n g t h e e f f e c t s o f d i f f e r ­
e n t i n v e n t o r y p o l i c i e s . H o w e v e r , an a t t e m p t t o f i n d t h e 
o p t i m u m s o l u t i o n t o a t o t a l c o s t e q u a t i o n r e p r e s e n t i n g a 
s p e c i f i c i n v e n t o r y m o d e l by t h e u t i l i z a t i o n o f t h e s i m u ­
l a t i o n p r o g r a m s h o u l d s e l d o m be made. O n l y i n v e r y s i m p l e 
c a s e s s h o u l d t h i s m e t h o d be u t i l i z e d . 
R e c o m m e n d a t i o n s 
A l t h o u g h t h e r e s e e m s t o be good i n d i c a t i o n s t h a t 
s u g g e s t t h a t t h e s y s t e m r e o r d e r p o i n t m o d e l i s o p e r a t i o n a l l y 
6 2 
superior to the periodic review model, there is a need for 
a systematic experimental design study to confirm this 
hypothesis. Furthermore, the same type of comparison can 
be made with other models in the literature. 
This research has demonstrated the applicability of 
the search algorithm to the optimization of multi-item 
inventory models. It remains to be evaluated whether it 
is the most efficient algorithm along the others currently 
known. 
Within the computer programs themselves several im­
provements could be attempted. For example, in studying 
the outputs of several different sets of data, a more pre­
cise starting vector could be derivesd for the search 
algorithm. 
Other types of probability distributions of demand 
and lead time should be considered and inventory models de­
rived for each case. The resulting total cost equations 
could be solved via the utilization of the search algorithm 
described in this research. 
The service level concept utilized in this study 
could be modified and other variations of this measure 
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APPENDIX A. 
TESTING OF RANDOM NUMBERS GENERATED 
IN SIMULATION PROGRAMS 
During the utilization of the simulation programs 
described, need was found of a testing of the random num­
bers generated by subroutines in the simulation programs. 
The statistical test utilized was the Chi-square test for 
goodness of fit to the uniform distribution. This test is 
based on the following equation 
9 n (0, - E ) 2 z v 1 
X = I g 
i=l h 
where n is the number of class intervals in which the unit 
interval is divided. 0^ is the observed frequency of each 
class interval. E is the expected frequency, the same for 
all class intervals. The degrees of freedom for this test 
is one less the number of class intervals. 
Other statistical tests could be used, for example 
the test for independence of successive numbers or serial 
correlation and the test for runs up and down. However, in 
this study only the first test was utilized, which gave 
good results. 
A more detailed and complete study of random number 






NOMOGRAPHY A P P L I C A T I O N 
T h e d e v e l o p m e n t o f n o m o g r a p h s can s o m e t i m e s s i m p l i f y 
t h e p r a c t i c a l u t i l i z a t i o n o f m a t h e m a t i c a l e q u a t i o n s . 
F i g u r e 8 s h o w s an e x a m p l e o f a n o m o g r a p h r e p r e s e n t ­




I t i s u s e d f o r t h e g r a p h i c a l d e t e r m i n a t i o n o f t h e n u m b e r o f 
i n v e n t o r y c y c l e s p e r y e a r , g i v e n t h e r a t e s o f d e m a n d , b a s e 
s t o c k l e v e l s , and s y s t e m r e o r d e r p o i n t . 
T h e s c a l e s s e l e c t e d f o r t h e c o n s t r u c t i o n o f t h i s 
n o m o g r a p h w e r e 
n 
0 t o 10 0 0 0 u n i t s / y e a r 
n 
.1. R i 
1=1 
0 t o 1 0 0 0 u n i t s 
S R 0 t o 7 5 0 u n i t s 





• i 1 
N = 1 = 1 
n B - c 
I R. - SR • L -. i i=l 
V= T T = ifw = ° - 0 2 0 
m = m, = 0.020 c B 
m = — = 1 n n n n = 0.0020 a a 10000 
m a v 0.0020 .. c % = m~ K = "OTOTOT ' 1 5 = B 
^ = • N = 1 . 5 N 
To utilize this nomograph, the procedure is as follows: 
1. Draw a straight line from the point selected on 
n 
the £ R. scale to the point selected on the SR scale. 
i=l 1 
n 
2. From the point selected on the £ A. scale, 
i=l 1 
draw a line parallel to the first one. This line will 


























Figure 8. Nomograph 
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APPENDIX C 
A Cost of a review + an order, in dollars 
ACC Acceleration factor of penalty parameter 
ALPHA System service level 
AMDA Initial penalty parameter 
AVLT Mean of lead time distribution, in days 
BETA(I) Individual service level for item I 
C(I) Cost of item i, in dollars 
CBACK(I) Yearly cost of backorders of item i 
CUMUH(I). Cumulative standard normal distribution 
DEL Initial step size 
DMIN Displacement termination criterion 
F Total yearly costs of the inventory system 
FMIN Optimum value of the objective function 
G(J) Service level constraint for item j 
G(N) System service level constraint 
HOLC Holding cost for the system 
HOLD(I) Holding cost for item i 
K Number of equality constraints 
M Number of inequality constraints 
N Number of variables (number of items + one) 
NBSL(I) Base stock level for item i 
LISTING OF VARIABLES UTILIZED 
IN FORTRAN PROGRAMS 
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NI Number of items in the system 
NSRP System reorder point, in units 
NTIME Cycle length or time between reviews 
ORDC Ordering and reviewing cost for the system 
ORDIN(I) Ordinate value of the standard normal distribution 
P K I ) Cost of a backorder of item i 
PMAX Maximum size of penalty parameter 
PRO Protection period (lead time + one cycle) 
RDEL Reduction rate of step size 
SERV Resulting system service level 
SERVI (I) Resulting service level for item I 
SIGMA(I) Standard deviation of demand rate, in units/year 
STDL Standard deviation of lead time, in days 
STVAL(I) Standardized value of the base stock level 
TBACK(I) Total number of backorders of item i per year 
XBACK(I) Number of backorders of item i per cycle 
XCYCLE Number of cycles per year 
XI Inventory holding rate 
XLAMB(I) Mean rate of demand for item i, in units/year 
XMU(I) Mean lead time demand, in units 
XSTAR(I) Starting value of variable x(i) 
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APPENDIX D 
FORTRAN PROGRAM FOR SYSTEM REORDER POINT 
MODEL: GOAL PROGRAMMING APPROACH 
7 4 
DATA I Y E S / - Y E S - / N O / - N O - / I A N A / - - / 
DATA N A / - A - / N B / - B - / N S T O P / - S T O P - / I A N I / - - / 
COMMON/COM/X( 1 0 0 ) .G( 5 0 ) . X S T A R ( 1 0 0 ) , H ( 5 0 ) 
D I M E N S I O N N B S L ( 1 0 0 ) . S E R V I ( 100 ) 
COMMON N I . S L A M B . A . S U M R . S B . - A L P H A ( I O O ) 
COMMON X I , XLAMB ( 1 0 0 ) .XMU ( 1 0 0 ) ,C( 100 ) . S I G M A ( 100 ) 
COMMON B E T A ( 1 0 0 ) 
COMMON I P . I P P . X C Y C L E 
COMMON X U L T ( I O O ) 
COMMON CUMUH(1UO) . F I ( 1 0 0 ) » X B A C K ( 1 0 0 ) » T B A C K ( 1 0 0) 
COMMON F M I N ( 1 0 0 ) , O R D C ( 1 0 0 ) , H O L C ( 1 0 0 ) . S E R V ( 1 0 0 ) 
COMMON R B A R ( 1 0 0 ) . H O L D < 1 0 0 ) . S T V A L < 1 0 0 ) , O R D I N ( 1 0 0 ) 
I P P = 1 
W R I T E ( 6 . 5 ) 
5 F O R M A T ( / / » ~ E N T E R T H E NUMBER OF I T E M S ( I N T E G E R ) T H E N 
4RETURN•-) 
R E A D ( 5 . 1 0 ) N I 
10 FORMAT() 
N = N I + 1 
W R I T E ( 6 . 4 0 ) 
4 0 FORMAT< A t - I S EACH I T E M TO HAVE T H E SAME MINIMUM S E R V I C E 
5 L E V E L 0 - » / , - ( E N T E R Y E S OR N O ) - ) 
R E A D ( 5 » 4 2 ) I ANA 
42 F O R M A T ( A 6 ) 
I F ( I A N A . E Q . N O G O TO 48 
W R I T E ( 6 , 4 4 ) 
44 F O R M A T ( / • - E N T E R T H E COMMON MINIMUM S E R V I C E L E V E L FOR 
5ANY AND A L L I T E M S - . / . - A R E A L NUMBER B E T W E E N 0 AND 1 . - ) 
R E A D ( 5 » 1 0 ) B E T O 
DO 4 6 I 1 = 1 » N I 
B E T A ( I I ) = B E T O 
4 6 C O N T I N U E 
W R I T E ( 6 . 7 0 0 ) 
7 0 0 FORMAT( / , - E N T E R T H E F O L L O W I N G P A R A M E T E R S — • / . 
1 - 1-MEAN R A T E OF DEMAND » I N UN I T S / Y E A R - . / • 
2 - 2 - M E A N L E A D T I M E DEMAND. IN U N I T S - , / . 
3 - 3 - S T A N D A R D D E V I A T I O N OF L E A D T I M E DEMAND» I N U N I T S - . / . 
4 - 4 - T H E COST OF AN I T E M , I N D O L L A R S - . / . 
5 - A L L A R E R E A L S E P A R A T E D BY C O M M A - . / . 
6 - E N T E R T H E DATA FOR ONE I T E M P E R L I N E . - . / ) 
DO 7 0 5 1 =1 »N I 
R E A D ( 5 . 1 0 ) X L A M B ( I ) » X M U ( I ) . S I G M A ( I ) » C ( I ) 
705 C O N T I N U E 
GO TO 7 0 9 
48 W R I T E ( 6 , 5 0 ) 
50 FORMAT( / , - E N T E R T H E F O L L O W I N G P A R A M E T E R S — , / . 
1 - 1-MEAN R A T E OF DEMAND • IN U N I T S / Y E A R - . / . 
2 - 2 - M E A N L E A D T I M E DEMAND. IN U N I T S - . / . 
3 - 3 - S T A N D A R D D E V I A T I O N OF L E A D T I M E DEMAND, I N U N I T S - , / , 
4 - 4 - T H E COST OF AN I T E M . I N D O L L A R S - , / , 
75 
7 - 5-THE MINIMUM SERVICE LEVEL DESIRED FOR THE ITEM* 
6BETWEEN 0 AND 1 . - » / » 
5 - ALL ARE REAL SEPARATED BY COMMA-./, 
6 - ENTER THE DATA FOR ONE ITEM PER L I N E . - . / ) 
DO 52 I = 1..NI 
READ(5»10 ) XLAMB(I),XMU(I).SIGMA(I ) »C(I ) .BETA(I) 
52 CONTINUE 
709 WRITE(6 » 710 } 
71U FORMAT( / • - ENTER THE INVENTORY HOLDING RATE AND THE 
7C0ST OF AN O R D E R - . / . - BOTH REAL AND SEPARATED BY COMMA 
8 . - ) 
READ(5.10 )XI»A 
SLAMB=0.0 
DO 718 I = 1»NI 
SLAMB=SLAMB+XLAMB{ I ) 
718 CONTINUE 
STEP=0.10 
723 WRITE(6.725 ) 
725 FORMAT( / »- ENTER THE DESIRED MINIMUM SYSTEM SERVICE 
8 L E V E L - . / . - A REAL NUMBER BETWEEN 0 AND 1 . - ) 
READ(5 »10)GAMA 
HIGH = GAMA + ST EP 






CALL MINI (ALPHA,X) 
65 WRITE(6»69) 
69 FORMAT(//»- * * * * * * DO YOU PREFER A OR BU * * * * * * - , / , -
9** IF YOU WANT TO STOP TYPE STOP * * - ) 
READ(5 »42)IANI 
IF(IANI.EO.NST0P)GO TO 92 
I F ( I AN I.EO.NA)G0 TO 8 0 
70 ALPHA(1)=ALPHA(2) 
ALPHA(2 )=ALPHA( D - S T E P 
CALL MINI (ALPHA »X ) 
WRITE(6»69) 
READ(5 » 4 2 ) I AN I 
IF( I AN I.EO.NSTOP)G0 TO 92 





GO TO 65 
80 IF(ALPHA(1).GE.0.9999)G0 TO 85 
ALPHA(2)=ALPHA(1) 
ALPHA(1)=ALPHA(2)+STEP 






82 CALL MINI {ALPHA »X) 
WRITE(6,69) 
READ ( 5 »42 ) I AM 
IF(IANI.EQ.MSTOP)GO TO 92 




CALL MINI{ALPHA ,X) 






CALL MINI (ALPHA »X) 
WRITE(6,69) 
READ(5 »42)IANI 
IF(IANI.EQ.NSTOP)GO TO 92 
IF(IANI.EO.NA)GO TO 8 5 
IF(IANI.EQ.NB)GO TO 7 U 
92 WRITE(6,96) 




CALL MINI {ALPHA,X ) 
WRITEI6.93) 
93 FORMAT( / »- USING THE SERVICE LEVEL SELECTED ABOVE, 
2 - , / » - THE SYSTEM COSTS WILL B E — , / ) 
WRITE(6,95) 
95 FORMAT(T 5 , - ITEM-,T22,-SERVICE LEVEL-,T 38,-HOLDING 
4 C 0 S T - , / ) 
DO 228 1=1,NI 
SUMR=0.0 
DO 255 KL = 1 ,NI 
SUMR = SUMR+X(KL ) 
255 CONTINUE 
SERVI ( I ) = 1.0-1TBACK(I )/XLAMB{I ) ) 
WRITE(6»227) I ,SERVI( I ) ,HOLD(I ) 
227 F 0 R M A T ( T 5 , I 4 , T 2 0 , F 9 . 2 , T 3 8 , F 8 . 2 ) 
228 CONTINUE 
WRITE(6 ,230)SERV(IP) ,HOLC(IP) 
2 30 FORMAT(/ ,T5 , -TOTAL- ,T20 ,F9 .2•T3 8 »F8.2 ) 
77 
W R I T E ( 6 » 2 3 2 ) O R D C ( I P ) 
2 3 2 F O R M A T ( - T H E O R D E R I N G COST FOR T H E S Y S T E M I S - » F 9 . 2 ) 
W R I T E ( 6 , 2 3 4 ) F M I N ( I P ) 
2 3 4 F O R M A T ( - T H E T O T A L COST FOR T H E S Y S T E M I S - , F 1 2 . 2 ) 
W R I T E ( 6 , 2 3 1 ) 
2 3 1 F O R M A T < / t 4 3 H T H E - O P T I M A L - S O L U T I O N I S D E S C R I B E D B E L O W - ) 
N S R P = X U L T ( N ) 
W R I T E ( 6 , 5 0 0 ) N S R P 
5 0 0 F O R M A T ( / , - T H E S Y S T E M R E O R D E R P O I N T S H O U L D B E - , I 5 , -
6 U N I T S . - ) 
DO 5 3 0 I J = 1 , N I 
N B S L ( I J ) = X U L T ( I J ) 
W R I T E ( 6 , 5 1 0 ) I J , N B S L ( I J ) 
5 1 0 F O R M A T ( - T H E B A S E S T O C K L E V E L FOR I T E M - , 1 4 , - S H O U L D B E 
7 - , 1 5 , - U N I T S . - ) 
5 3 0 C O N T I N U E 
W R I T E ( 6 , 9 4 ) 
94 F O R M A T ( / , - * * * * * * END OF PROGRAM * * * * * * - , / ) 
S T O P 
END 
S U B R O U T I N E M I N I ( A L P H I ,X ) 
D O U B L E P R E C I S I O N P F M , F E A S , Z S T A R , D E L , X , G ( 5 0 ) , X S T A R 
D O U B L E P R E C I S I O N H ( 5 0 ) 
D I M E N S I O N X ( 1 0 0 ) 
D I M E N S I O N X S T A R ( 1 0 0 ) 
D I M E N S I O N Q ( 1 0 0 ) , R ( 1 0 0 ) 
COMMON N I , S L A M B , A , S U M R , S B , A L P H A ( I O O ) 
COMMON X I , X L A M B ( 1 0 0 ) , X M U ( 1 0 0 ) , C ( 1 0 0 ) , S I G M A { 1 0 0 ) 
COMMON B E T A ( 1 0 0 ) 
COMMON I P , I P P , X C Y C L E 
COMMON X U L T ( 1 0 0 ) 
COMMON C U M U H ( 1 0 0 ) , F I ( 1 0 0 ) , X B A C K ( 1 0 0 ) , T B A C K ( 1 0 0 ) 
COMMON F M I N ( 1 0 0 ) , O R D C ( 1 0 0 ) , h O L C ( 1 0 0 ) , S E R V ( 1 0 0 ) 
COMMON R B A R ( 1 0 U ) , H O L D ( 1 0 0 ) , S T V A L ( l O u ) , O R D I N ( 1 0 0 ) 
I P = 1 
7 2 8 N = N I + 1 
M = N 
K = 0 
R D E L = 0 . 1 5 
P M A X = 1 0 0 0 0 0 . 0 
D M I N = 0 . 0 0 0 4 
AMDA=1 .0 
D E L = 1 . 0 
A C C = 1 0 . 0 
S S M U = 0 . 0 
DO 22 1 = 1 , N I 
SSMU = S S M U + XMU( I ) 
22 C O N T I N U E 
78 
XSTAR (N) = ( ALPHA ( I P ) *'*2 • U ) *SSMU 
DO 28 1=1,NI 
A IND = A/NI 
Q{I )=SQRT(2.0*XLAMB(I )*AIND/(X I*C( I ) ) ) 
R(I )=XSTAR(N)/SLAMB*XLAMB( I ) 
XSTAR( I )=Q( I )+R( I ) 
28 CONTINUE 
SW=0.5 
DO 30 1 = 1,N 







100 DO 170 1 = 1,N 
110 X(I)=XSTAR(I)+XMOVE*DEL 
CALL F U N C ( X , F , G , H ) 
IEVAL=IEVAL+1 
IF(M.EO.0)GO TO 125 
DO 120 J=L,M 




125 IF(K.EQ.O)GO TO 140 





IF(PFN.GE.ZSTAR)GO TO 150 
DISP = DISP+(ABS(XMOVE) )*DEL 




GO TO 110 
150 X(I )=XSTAR( I ) 
IF(XMOVE.GT.L.L.OR.XMOVE..LT.0.9)GO TO 160 
XMOVE=-L. 









GO TO 100 
190 I F ( D E L * A M D A . L T . S W ) G O TO 2 1 0 
2 0 0 D E L = R D E L * D E L 
I F ( D E L . G T . 0 . 3 * D M I N ) G O TO 2 0 5 
D E L = 0 . 3 * D M I N 
A M D A = 2 . 0 * A M D A 
1 F ( A M D A . G T . 5 . 0 * P M A x ) G O TO 2 2 0 
2 0 5 GO TO 1 8 0 
2 1 0 I F ( A M D A . G T . P M A X ) G O TO 2 2 0 
AMDA=ACC*AMDA 
C A L L F U N C { X , F , G , H ) 
I F ( M . E Q . O ) G C TO 2 1 3 
DO 2 1 2 J = 1 »M 
I F ( G ( J ) . L E . O . ) G 0 TO 2 1 2 
P = G ( J ) 
F E A S = F E A S + P * P 
2 1 2 C O N T I N U E 
2 1 3 I F ( K . E Q . 0 ) G O TO 2 1 5 
D O 2 1 4 J = 1 » K 
P = A B S ( H ( J ) ) 
F E A S = F E A S + P * P 
2 1 4 C O N T I N U E 
2 1 5 Z S T A R = F + A M D A * F E A S 
F E A S = 0 . 
GO TO 2 0 0 
2 2 0 C A L L F U N C ( X , F , G , H ) 
DO 2 2 2 I = 1 • N 
X U L T ( I )=X( I ) 
2 2 2 C O N T I N U E 
F M I N ( I P ) = F 
ORDC( I P ) = S L A M B * A / ( S U M R - X ( N ) ) 
H O L C ( I P ) = F M I N ( I P ) - O R D C ( I P ) 
5 E R V U P ) = 1 . 0 - ( S B / S L A M B ) 
I F ( I P P . G T . 1 0 ) G O TO 6 9 
I P = I P + 1 
I F ( I P . E Q . 2 ) G 0 TO 72 8 
W R I T E ( 6 » 6 6 ) 
6 6 F O R M A T ( / • T 2 8 » - A - » T 3 8 • ~ B ~ ) 
W R I T E ( 6 » 6 7 ) F M I N ( 1 ) » F M I N ( 2 ) 
67 F O R M A T ( / • - C O S T - . T 2 3 , F 9 . 2 » T 3 3 » F 9 • 2 ) 
W R I T E ( 6 . 6 8 ) S E R V ( 1 ) , S E R V ( 2 ) 
68 F O R M A T ( / » - S Y S T E M S E R V I C E L E V E L - » T 2 5 > F 7 • 5 , T 3 5 > F 7 • 5 ) 
6 9 R E T U R N 
END 
S U B R O U T I N E .FUNC ( X » F » G »H ) 
COMMON N I , S L A M B , A , S U M R , S B , A L P H A ( l O O ) 
COMMON X I , X L A M B ( 1 0 0 ) , X M U ( 1 0 0 ) , C ( 1 0 0 ) , S I G M A ( 1 0 0 ) 
COMMON B E T A ( 1 0 0 ) 
80 
COMMON I P t I P P t X C Y C L E 
COMMON X U L T ( I O O ) 
COMMON C U M U H ( 1 0 0 ) , F I ( 1 0 0 ) , X B A C K ( 1 0 0 ) , T B A C K ( 1 0 0 ) 
COMMON F M I N ( 1 0 0 ) » O R D C ( 1 0 0 ) , H O L C ( 1 0 0 ) t S E R V ( 1 0 0 ) 
COMMON R B A R ( 1 0 0 ) , H O L D ( 1 0 0 ) , S T V A L ( 1 0 0 ) , O R D I N ( 1 0 0 ) 
D O U B L E P R E C I S I O N X ( 1 0 0 ) , G ( 5 0 ) , H ( 5 0 ) 
N = N I + 1 
S U M R = 0 . 0 
DO 50 1 = 1 , N I 
S U M R = S U M R + X ( I ) 
50 C O N T I N U E 
F 1 = S L A M B * A / ( S U M R - X ( N ) ) 
DO 6 0 I = 1 , N I 
R B A R ( I ) = ( X ( 1 ) * S L A M B - X L A M B ( I ) * S U M R + X L A M B ( I ) * X ( N ) ) / S L A M B 
60 C O N T I N U E 
S H O L D = 0 . 0 
DO 80 1 = 1 , N I 
H O L D ( I ) = X I * C ( I ) * ( X ( I ) - 2 . 0 * X M U ( I ) + R B A R ( I ) ) / 2 . 0 
S H O L D = S H O L D + H O L D ( I ) 
60 C O N T I N U E 
F 2 = S H 0 L D 
S U M B = U . u 
DO 90 1 = 1 , N I 
S T V A L ( I ) = ( R B A R ( I ) -XMU( I ) ) / S I G M A ( 1 ) 
O R D I N ( I ) = 0 . 3 9 8 9 » ( 2 . 7 I 8 3 * * ( - ( S T V A L ( I ) * * 2 . 0 ) / 2 . . 0 ) ) 
CUMUH( I ) = R N O R M ( S T V A L ( I ) ) 
F I ( I ) = 1 . 0 - C U M U H < I ) 
XBACK( I ) = (XMU( I ) - R B A R ( I ) ) * F I ( I ) + S I G M A ( I ) * O R D I N ( I ) 
X C Y C L E = S L A M B / ( S U M R - X ( N ) ) 
T B A C K ( I )=XBACK( I ) * X C Y C L E 
SUMB = SUMB + T B A C K ( I ) 
9 U C O N T I N U E 
S B = S U M B 
DO 95 J = l , N I 
G ( J ) = T B A C K ( J ) - ( 1 • U - d E T A ( J ) ) * X L A M B ( J ) 
95 C O N T I N U E 
G ( N ) = S B - ( 1 . 0 - A L P H A ( I P ) ) * S L A M B 
F = F 1 + F 2 
R E T U R N 
E N D 
81 
APPENDIX E 
FORTRAN PROGRAM FOR PERIODIC REVIEW MODEL: 
SYSTEM SERVICE LEVEL APPROACH 
82 
DATA IYES/ -YLS- /NO/ -NO- / IANS/ - - / 
DATA I YES/ -YES- /NO/-NO-/ I ANA/- - / 
DATA IYES/ -YES- /NO/-NO-/ IANO/- - / 
DATA I Y E S / - Y E S - / N O / - N O - / I A N I / - - / 
COMMON/COM/X(100)»G(50 ) ,XSTAR(100) ,H(50 ) 
DOUBLE PRECISION PFN»FEAS»ZSTAR,DEL»X»G»XSTAR,H 
DIMENSION NBSL(100),Q(LUO) ,SERVI ( 100 ) 
COMMON X I .XLAMB(100) , C ( 1 0 0 ) ,SIGMA(100) ,BETA(100) 
COMMON NI,SLAMB,A,SB,N,ALPHA , AVLT 
COMMON CUMUH(100) ,FI(100) ,XBACK(100)» TBACK(100) 
COMMON HOLD(100),STVAL(100),ORDIN(100 ) 
WRITE(6F5) 




W R I T E ( 6 »4 0 ) 
40 FORMAT(/,- IS EACH ITEM TO HAVE THE SAME MINIMUM 
3SERVICE LEVEL)-* /* - (ENTER YES OR NO)-) 
READ(5,42)I ANA 
42 FORMAT(A6 ) 
IF( I ANA•E0«NO)GO TO 48 
WRITE(6»44) 
44 FORMAT(/»- ENTER THE COMMON MINIMUM SERVICE LEVEL FOR 
4ALL I T E M S . - » / » - A REAL NUMBER BETWEEN 0 AND 1. - ) 
READ(5,10) BETO 
DO 46 I I = 1» NI 
BETA(I I ) = BETO 
46 CONTINUE 
WRITE(6 » 700 ) 
700 FORMAT( / » - ENTER THE FOLLOWING PARAMETERS—•/» 
1- 1-MEAN RATE OF DEMAND » I N UN ITS/YEAR-»/ • 
2 - 2-STANDARD DEVIATION OF DEMAND RAT E » IN UN ITS/YEAR-, / , 
3 - 3-THE COST OF AN ITEM, IN DOLLARS-,/ . 
5 - ALL ARE REAL SEPARATED BY COMMA-,/, 
6 - ENTER THE DATA FOR ONE ITEM PER L I N E . - , / ) 
DO 705 1 = 1 ,NI 
READ(5,10)XLAMB( I ) ,SIGMA( I ) ,C ( I ) 
705 CONTINUE 
GO TO 709 
48 WRITE(6,50) 
50 FORMAT( / , - ENTER THE FOLLOWING PARAMETERS—»/, 
1 - 1-MEAN RATE OF DEMAND,IN UN I TS/Y'EAR-, / , 
2 - 2-STANDARD DEVIATION OF DEMAND RATE, IN UN I T S / Y E A R - , / , 
4 - 3-THE COST OF AN ITEM, IN DOLLARS-,/ , 
7 - 4-THE MINIMUM SERVICE LEVEL DESIRED FOR THE I T E M - , / , 
5 - ALL ARE REAL SEPARATED BY COMMA-,/, 
6 - ENTER THE DATA FOR ONE ITEM PER L I N E . - , / ) 
DO 52 I = 1 ,NI 
READ(5,10)XLAMB( I ),SIGMA(I ) ,C ( I ) , BET A(I ) 
83 
52 CONTINUE 
709 WRITE(6 » 710) 
710 FORMAT( / , - ENTER THE INVENTORY HOLDING RATE AND THE 
5C0ST O F - , / , - A REVIEW +. AN ORDER• BOTH REAL AND 
6SEPARATED BY COMMA.-) 
READ(5,10 )XI ,A 
WRITE(6»714) 
714 FORMAT(/,- ENTER THE MEAN AND STANDARD DEVIATION OF 








725 -FORMAT!/..- ENTER THE DESIRED MI NI MUM . SYSTEM SERVICE 
9LEVEL-»/ »- A REAL NUMBER BETWEEN 0 AND 1 . - ) 
READ(5,10 )ALPHA 
728 N=NI+1 
M = N 








DO 15 1=1,NI 
15 SUMC = SUMC+C( I ) 
XSTAR(N ) = 1 5 . 0 
DO 28 I=1 ,NI 
A IND = A/NI 





DO 30 1=1,N 











I E V A L = I E V A L + 1 
I F ( M . E Q . 0 ) G O TO 12 5 
DO 12U J = 1 , M 
I F ( G ( J ) . L E . O . ) G O TO 1 2 0 
P = G ( J ) 
F E A S = F E A S + P * P 
120 C O N T I N U E 
125 I F ( K . E O . 0 ) G O TO 1 4 0 
DO 130 J = 1 , K 
P = A B S ( H ( J > ) 
F E A S = F E A S + P * P 
130 C O N T I N U E 
140 P F N = F + A M D A * F E A S 
I F ( P F N . G E . Z S T A R ) G O TO 1 5 0 
D I S P = D I S P + ( A B S ( X M O V E ) ) * D E L 
X S T A R ( I ) = X U ) 
XMOVE=XMOVE+XMOVE 
Z S T A R = P F N 
145 F E A S = 0 . 
GO TO 1 1 0 
150 X ( I ) = X S T A R ( I ) 
I F ( X M O V E . G T . 1 . 1 . 0 R . X M O V E . L T . 0 . 9 ) G O TO 1 6 0 
X M O V E = - l • 
GO TO 145 
160 X M O V E = l . 
F E A S = 0 . 
170 C O N T I N U E 
F E A S = 0 . 
I F ( D I S P . L T . D M I N ) G O TO 1 9 0 
180 D I S P = 0 . 
X M O V E = l . 
GO TO 100 
190 I F ( D E L * A M D A . L T . S W ) G O TO 2 1 0 
2 0 0 D E L = R D E L * D E L 
I F ( D E L . G T . 0 . 3 * D M I N ) G O TO 2 0 5 
D E L = 0 . 3 * D M I N 
AMDA=2•0*AMDA 
I F ( A M D A . G T . 5 . 0 * P M A X ) G O TO 2 2 0 
2 0 5 GO TO 1 8 0 
2 1 0 I F ( A M D A . G T . P M A X ) G O TO 2 2 0 
AMDA=ACC*AMDA 
C A L L F U N C ( X , F , G , H ) 
I F ( M . E Q . 0 ) G O TO 2 1 3 
DO 2 1 2 J = l ,M 
I F ( G ( J ) . L E . O . ) G O TO 2 1 2 
P = G ( J ) 
F E A S = F E A S + P * P 
2 1 2 C O N T I N U E 
2 1 3 I F ( K . E Q . 0 ) G O TO 2 1 5 
DO 2 1 4 J = 1 . K 
85 





GO TO 200 






225 FORMAT ( / / »- FOR T H I S - , 1 4 ' , - ITEM INVENTORY SYSTEM, THF 
1 EXPECT ED YEARLY COSTS COMPUTED-,/,- BY THE SEARCH 
2ALGORITHM A R E — , / / , T 6 • - I T E M - , T 1 9 , - S E R V I C E LEVEL-,T42 
3,-HOLDING C O S T - , / ) 
DO 228 1 = 1 ,NI 
PRO=(AVLT+X(N))/365.0 
HOLD(I)=XI*C(I ) * ( X ( I ) - X L A M B ( I ) * A V L T / 3 6 5.0-XLAMB<I) 
4*X(N)V.730.0 ) 
STVAL( I ) = (X( I )-XLAMB( I )*PRO)/(SIGMA( I )*PRO ) 
O R D I N ( I ) = 0 . 3 9 8 9 * ( 2 . 7 1 8 3 * * ( - ( S T V A L ( I ) * * 2 . 0 ) / 2 . 0 ) ) 
CUMUH( I )=RNORM(STVAL( I ) ) 
F I ( I ) = 1•G-CUMUH( I ) 
XBACK( I )=SIGMA( I)*PRO*ORDIN( I ) + (XLAMB(I )*PRO-X( I ) ) *F T ( I ) 
XCYCLE=365.0/X(N) 
TBACK( I ) =XBACK(I)*XCYCLE 
SERV I ( I ) = 1.0-(TBACK ( I ) / XLAMB ( I.) ) 
WRITE(6 ,227)1 ,SERVMI ) ,HOLD(I) 
22 7 FORMAT(T6,I4,T2 0 , F 9 . 2 , T 4 3 , F 8 . 2 ) 
228 CONTINUE 
WRITE(6,230)SERV,HOLC 
230 F O R M A T ( / , T 5 , - T O T A L - , T 2 G , F 9 . 2 , T 4 3 , F 8 . 2 ) 
WRITE(6,232)ORDC 
232 FORMAT(- THE REVIEW + ORDER COST FOR THE SYSTEM I S -
5 , F 8 . 2 ) 
WRITE(6,234)FMIN 
234 FORMAT(- THE TOTAL COST FOR THE SYSTEM I S - , F 1 7 . 2 ) 
WRITE(6 ,231) 
231 FORMAT(/,43H THE -OPTIMAL- SOLUTION IS DESCRIBED BELOW-) 
NT IME = X(N ) 
WRITE(6,500)NTIME 
500 FORMAT(/,- THE TIME BETWEEN REVIEWS FOR. THIS SYSTEM 
6SHOULD B E - , 1 4 , - DAYS.-) 
DO 530 I J = 1 , N I 
NBSL( I J ) =X ( I J ) 
WRITE(6,510) IJ,NBSL( I J ) 
510 FORMAT(- THE BASE STOCK LEVEL FOR I T E M - , 1 4 , - SHOULD BE 




370 FORMAT ( / / ' / • - DO YOU WANT TO CHANGE THE SYSTEM SERVICE 
7LEVEL0 (YES OR NO)-) 
READ(5.390 ) IANS 
390 FORMAT(A6) 
WRITE(6,375) 
375 FORMAT( / »- DO YOU WANT TO CHANGE THE INDIVIDUAL SERVICE 
8LEVEL SO-) 
READ(5,390 ) IANO 
IF(IANS.EQ.IYES.AND.IANO.EQ.IYES)GO TO 605 
IF( IANS.EO. I YES.AND.IANO.EQ. NO)GO TO 665 
IF( IANS.EQ. NO.AND.IANO.EQ.IYESJGO TO 620 
IFUANS.EQ. NO.AND. I ANO.EQ. NO) GO TO 670 
605 WRITE(6,610) 
610 FORMAT(/,- ENTER THE DESIRED MINIMUM SYSTEM SERVICE 
9LEVEL-»/»- A REAL NUMBER BETWEEN 0 AND 1 . - ) 
READ(5,10 )ALPHA 
620 WRITE(6,630) 
630 FORMAT(/•- IS EACH ITEM TO HAVE THE SAME MINIMUM SERVICE 
9 L E V E L 0 - , / , - (ENTER YES OR NO)-) 
READ(5,390)I AN I 
IF(IANI.EQ.NOJGO TO 650 
WRITE(6,635) 
635 FORMAT(/,- ENTER THE COMMON MINIMUM SERVICE LEVEL FOR 
1ALL I T E M S . - , / , - A REAL NUMBER BETWEEN 0 AND 1. - ) 
READ(5,10) BETO 
DO 640 J = 1 , N I 
BETA(J)=BETO 
640 CONTINUE 
GO TO 728 
650 WRITE(6,655) 
655 FORMAT(/,- ENTER THE INDIVIDUAL SERVICE LEVELS DESIRED, 
2REAL NUMBERS BETWEEN - , / , - 0 AND 1 , ONE PER L I N E . - ) 
DO 660 J = 1 , N I 
READ(5,10)BETA(J) 
660 CONTINUE 
GO TO 728 
665 GO TO 723 
670 WRITE(6,440 ) 
440 FORMAT( / / , - * * * * * END OF PROGRAM * * * * * - , / ) 
STOP 
END 
SUBROUTINE FUNC(X»F,G , H ) 
COMMON X I,XLAMB(100) ,C (100 ) ,S IGMA(100) ,BETA(100) 
COMMON NI,SLAMB,A,SB,N,ALPHA,AVLT 
COMMON CUMUH(100),FI(100) ,XBACK(100),TBACK(100) 
COMMON HOLD(100),STVAL(100),ORDIN(100 ) 
DOUBLE PRECISION X(1OC) , G ( 5 0 ) , H ( 5 0 ) 
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F 1 = 3 6 5 . 0 * A / X ( N ) 
S H O L D = 0 . 0 
DO 80 1 = 1 , N I 
HOLD ( I ) =X I *C ( I ) * ( X ( I ) - X L A M B ( I ) *A VI. T / 3 6 5 • 0 - X L AMB ( I ) * X ( N ) 
3 / 7 3 0 . 0 ) 
S H O L D = S H O L D + H O L D ( I ) 
80 C O N T I N U E 
F 2 = S H O L D 
S U M B = 0 . 0 
DO 9 0 I = 1 , N I 
P R O = ( A V L T + X ( N ) ) / 3 6 5 . 0 
S T V A L ( I ) = (X( I ) - X L A M B ( I ) * P R O ) / ( S I G M A ( I ) * P R O ) 
O R D I N ( I ) = 0 . 3 9 8 9 * t 2 . 7 1 8 3 * * ( - ( S T V A L ( I ) * * 2 . 0 ) / 2 . 0 ) ) 
C U M U H ( I ) = R N O R M ( S T V A L ( I ) ) 
F I ( I ) = 1 •O-CUMUH( I ) 
X B A C K ( I ) = S I G M A ( D * P R O * O R D I N < I ) + ( X L A M B ( I ) * P R O - X ( I ) ) * F I ( I ) 
X C Y C L E = 3 6 5 . 0 / X ( N ) 
T BACK( I )=XBACK( I ) * X C Y C L E 
90 SUMB = S U M B + T P A C K < I ) 
S B = S U M B 
DO 95 J = l , N I 
G ( J ) = T B A C K ( J ) - ( 1 . O - B E T A ( J ) ) * X L A M B ( J ) 
95 C O N T I N U E 
G ( N ) = S B - ( 1 . O - A L P H A ) * S L A M B 
F = F 1 + F 2 
R E T U R N 
END 
APPENDIX F 
FORTRAN PROGRAM FOR SYSTEM REORDER POINT MODEL 
UTILIZATION OF BACKORDER COST PARAMETERS 
COMMON/COM/X(1UO) »G(50 ) ,XSTAR( 1 00 ) , H ( 5 0 ) 
DOUBLE PRECISION P FN » FE AS ».ZST AR , DEL , X » G , XST AR , H 
DIMENSION NBSL( 100 ) ,Q( 1 0 0 ) , R ( 1 0 0 ) 
COMMON X I , XLAMB(100),XMU( 100 ) ,C(100) ,SIGMA( 100) 
COMMON P I ( 1 0 0 ) ,CBACK(100 ) 
COMMON NI,SLAMB,A,SUMR,N 
COMMON CUMUH( 1 0 0 ) , F I ( 100),XBACK(100) ,TBACK(100) 
COMMON RBAR(100) ,HOLD(100) ,STVAL(100) ,ORDIN(100) 
WRITE(6,5 ) 





700 FORMAT ( / , - ' ENTER THE FOLLOWING PARAMETERS—,/, 
1- 1-MEAN RATE OF DEMAND,IN UN I T S / Y E A R - , / , 
2 - 2-MEAN LEAD TIME DEMAND» IN U N I T S - , / , 
3 - 3-STANDARD DEVIATION OF LEAD TIME DEMAND, IN UNITS-
4 - 4-THE COST OF AN ITEM, IN DOLLARS-,/ , 
7 - 5-THE COST OF A BACKORDER, IN DOLLARS-, / , 
5 - ALL ARE REAL SEPARATED BY COMMA-,/, 
6 - ENTER THE DATA FOR ONE ITEM PER L I N E . - , / ) 
DO 705 1 = 1 ,NI 
READ(5,10 )XLAMB( I ) ,XMU ( I ) ,SIGMA ( I ) ,C ( I ) , P. I ( I ) 
705 CONTINUE 
WRITE(6,710) 
710 FORMAT( / , - ENTER THE INVENTORY HOLDING RATE AND THE 








M = N 








DO 22 1=1,NI 
SSMU = SSMU+XMU( I ) 
22 CONTINUE 
XSTAR(N)=SSMU 
DO 28 I = 1 ,NI 
AIND=A/NI 
Q ( I ) = S Q R T ( 2 . u * X L A M B ( I ) * A 1 N D / ( X I * C ( I ) ) \ 
R( I ) = X S T A R ( N ) / S L A M B * X L A M B ( I ) 
X S T A R ( I )=Q( I ) + R ( I ) 
28 C O N T I N U E 
S W = 0 . 5 
DO 30 I = 1 »N 
X I I ) = X S T A R ( I ) 
30 C O N T I N U E 
Z S T A R = 9 9 9 9 9 9 9 9 9 . 0 
D I S P = 0 . 
F E A S = 0 . 
I E V A L = 0 
XMOVE=l . 
100 DO 170 1 = 1 . N 
110 X ( I ) = X S T A R ( I ) + X M O V E * D E L 
C A L L F J N C ( X . F . G . H ) 
I E V A L = I E V A L + 1 
I F ( M . E Q . 0 ) G O TO 125 
DO 1 2 0 J = 1 . M 
I F ( G ( J ) . L E . O . ) G O TO 1 2 0 
P = G ( J ) 
F E A S = F E A S + P * P 
120 C O N T I N U E 
125 I F ( K . E Q . 0 ) G O TO 140 
DO 130 J = 1 , K 
P = A B S ( H ( J ) ) 
F E A S = F E A S + P * P 
130 C O N T I N U E 
140 P F N = F + A M D A * F E A S 
I F ( P F N . G E . 2 S T A R ) G O TO 1 5 0 
D I S P = D I S P + ( A B S ( X M O V E ) ) * D E L 
X S T A R ( I ) = X ( I ) 
XMOVE=XMOVE+XMOVE 
Z S T A R = P F N 
145 F E A S = 0 . 
GO TO 110 
150 X ( I ) = X S T A R ( I ) 
I F ( X M O V E . G T . 1 . 1 . O R . X M O V E . L T . 0 . 9 ) G 0 TO 160 
X M O V E = - l . 
GO TO 1 4 5 
160 X M O V E = l . 
F E A S = 0 . 
170 C O N T I N U E 
F E A S = 0 . 
I F ( D I S P . L T . D M I N ) G O TO 1 9 0 
180 D I S P = 0 . 
X M O V E = l . 
GO TO 1 0 0 
190 I F ( D E L * A M D A . L T . S W ) G O TO 2 1 0 
2 0 0 D E L = R D E L * D E L 
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I F ( D E L . G T . 0 . 3 * D M I N ) G O TO 2 0 5 
D E L = 0 . 3 * D M I N 
AMDA-2 •0 *AMDA 
I F ( A M D A . G T . 5 . 0 * P M A X ) 6 0 TO 2 2 0 
2 0 5 GO TO 1 8 0 
2 1 0 I F ( A M D A . G T . P M A X ) G O TO 2 2 0 
AMDA=ACC*AMDA 
C A L L F U N C ( X , F , G , H ) 
I F ( M . E Q . 0 ) G O TO 2 1 3 
DO 2 1 2 J = 1 . M 
I F ( G ( J ) . L E . O . ) G O TO 2 1 2 
P = G ( J ) 
F E A S = F E A S + P * P 
2 1 2 C O N T I N U E 
2 1 3 I F ( K . E Q . O ) G O TO 2 1 5 
DO 2 1 4 J = l , K 
P = A O S ( H ( J ) ) 
F E A S = F E A S + P * P 
2 1 4 C O N T I N U E 
2 1 5 Z S T A R = F + A M D A * F E A S 
F E A S = 0 . 
GO TO 2 0 0 
2 2 0 C A L L F U N C ( X , F , G , H ) 
F M I N = F 
ORDC = S L A M B * A / ( S U M R - X ( N ) ) 
W R I T E ( 6 » 2 2 5 ) N I 
2 2 5 F O R M A T ( / / » - FOR T H I S - , 1 4 , - I T E M I N V E N T O R Y S Y S T E M » T H E 
4 E X P E C T E D Y E A R L Y - » / , - C O S T S COMPUTED BY T H E S E A R C H 
5 A L G O R I T H M A R E - . / / • T 6 » - I T E M - • T 1 9 » - H O L D ING C O S T - » T 3 8 » 
6 - B A C K O R D E R C O S T - , / ) 
B A C K = 0 . 0 
DO 2 2 8 I = 1 , N I 
S U M R = 0 . 0 
DO 2 5 5 K L = 1 , N I 
SUMR = S U M R + X ( K L ) 
2 5 5 C O N T I N U E 
R B A R ( I ) = ( X ( I ) * S L A M B - X L A M B ( I ) *SUMRH-XLAMB ( I ) *X ( N ) ) / S L AMB 
H O L D ( I ) = X I * C ( I ) * ( X ( I ) - 2 . 0 * X M U ( I ) + R B A R ( I ) ) / 2 . 0 
S T V A L ( I ) = ( R B A R ( I ) - X M U ( I ) ) / S I G M A ( I ) 
O R D I N ( I ) = 0 . 3 9 8 9 * ( 2 . 7 1 8 3 * * ( - ( S T V A L I I ) * * 2 «-0 ) / 2 • 0 ) ) 
C U M U H ( I ) = R N O R M ( S T V A L ( I ) ) 
F I ( I ) = 1 • O - C U M U H ( I ) 
XBACK( I ) = (XMU( I ) - R B A R ( I ) ) * F I ( I J + S I G M A ( I ) * O R D I N ( I ) 
XCYCLE = S L A M B / ( S U M R - X ( N ) ) 
T B A C K ( I )=XBACK( I ) * X C Y C L E 
CBACK( I ) = T B A C K ( I ) * P I ( I ) 
BACK = BACK + CBACK ( I ) 
W R I T E ( 6 , 2 2 7 ) I , H O L D ( I ) ,CBACK( I ) 
2 2 7 F O R M A T ( T 6 , I 4 , T 2 0 , F 9 . 2 , T 3 8 , F 8 . 2 ) 
2 2 8 C O N T I N U E 
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HOLC = F M I N - O R D C - B A C K 
W R I T E ( 6 , 2 3 0 ) H O L C , B A C K 
2 3 0 F O R M A T ( / , * T 5 , - T O T A L - » T 2 0 , F 9 . 2 , T 3 8 » F 8 . 2 ) 
W R I T E ( 6 » 2 3 2 ) O R D C 
2 3 2 F O R M A T ( - T H E O R D E R I N G COST FOR T H E S Y S T E M I S - » F 9 . 2 ) 
W R I T E ( 6 » 2 3 4 ) F M I N 
2 3 4 F O R M A T ( - T H E T O T A L COST FOR T H E S Y S T E M I S - » F 1 2 . 2 ) 
W R I T E ( 6 , 2 3 1 ) 
2 3 1 F O R M A T ( / . 4 3 H T H E - O P T I M A L - S O L U T I O N I S D E S C R I B E D B E L O W - ) 
N S R P = X ( N ) 
W R I T E ( 6 » 5 0 0 ) N S R P 
5 0 0 F O R M A T ( / » - T H E S Y S T E M R E O R D E R P O I N T S H O U L D B E - » I 5 » -
7 U N I T S • - ) 
DO 5 3 0 I J = 1 » NI 
N B S L ( I J ) = X ( I J ) 
W R I T E ( 6 » 5 l O ) I J » N 3 S L ( I J ) 
5 1 0 F O R M A T ( - T H E B A S E S T O C K L E V E L FOR I T E M - . I 4 , - S H O U L D B E -
8 » I 5 » - U N I T S . - ) 
5 3 0 C O N T I N U E 
W R I T E ( 6 » 4 4 0 ) 
4 4 0 FORMAT( / / » - * * * * * END OF PROGRAM * * * * * - » / ) 
S T O P 
END 
S U B R O U T I N E F U N C ( X » F » G » H ) 
COMMON X I » XLAMB( 1 0 U ) ,XMU( 100 ) » C ( 1 0 0 ) , S I G M A ( 1 0 0 ) 
COMMON P I ( 100 ) , C S A C K ( 1 0 0 ) 
COMMON N I » S L A M B » A » S U M R » N 
COMMON CUMUH( 1 0 0 ) » F I ( 1 0 0 ) , X B A C K ( 1 0 0 ) »TBACK.( 1 0 0 ) 
COMMON R B A R ( 1 0 0 ) » H O L D ( 1 0 0 ) , S T V A L ( 1 0 0 ) » O R D I N ( 1 0 0 ) 
D O U B L E P R E C I S I O N X ( 1 0 0 ) , G ( 5 0 ) , H ( 5 0 ) 
N = N I + 1 
S U M R = 0 . 0 
DO 50 I = 1 , N I 
SUMR = SUMR + X( I ) 
50 C O N T I N U E 
F 1 = S L A M B * A / ( S U M R - X ( N ) ) 
S H O L D = 0 . 0 
DO 80 I = 1 , N I 
R B A R ( I ) = (X( I ) * S L A M B - X L A M B ( I ) * S U M R + XLAMB( I ) * X ( N ) ) / S L A M B 
H O L D ( I ) = X I * C ( I ) * ( X ( I ) - 2 . 0 * X M U ( I ) + R B A R ( I ) ) / 2 . 0 
S H O L D = S H O L D + H O L D ( I ) 
80 C O N T I N U E 
F 2 = S H O L D 
S U M B = 0 . 0 
DO 9 0 1 = 1 , N I 
S T V A L ( I ) = ( R B A R ( I ) -XMU( I ) ) / S I G M A ( I ) 
O R D I N ( I ) = 0 . 3 9 8 9 * ( 2 . 7 1 8 3 * * ( - ( S T V A L ( I ) * " ' 2 . 0 ) / 2 . 0 ) ) 
CUMUH( I )=RNORM(STVAL( I ) ) 
FI ( I ) = 1.U-CUMUH< I ) 
XBACK ( I ) = ( XKU( I )-RBAR ( I ) ) *F I ( I ) +.SIGMA ( I ) *ORDI N( I ) 
XCYCLE = SLAMB/(SUMR-X(N ) ) 
TBACK( I )=XBACK( I )*XCYCLE 
CBAC<( I )=TBACK( I ) * P I ( I ) 
SUMB = SUMB + CBACK{I ) 
90 CONTINUE 
F3=SUMB 
DO 9 5 J=1,N 






EXAMPLE OF A 6-ITEM INVENTORY SYSTEM 
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Table 3. Example of a 6-Item Inventory System 
Input Data Output Values 
A a C a R T Hold.Cost 
1 100 10 10.00 0 . 87 7 13 5. 39 
2 350 35 40.00 0. 66 22 13 21.65 
3 789 10 5.00 0. 55 56 13 14.22 
4 1230 100 40.00 0. 73 86 13 160.59 
5 456 34 4.00 0. 61 34 13 8.49 
6 1990 160 12.00 0. 76 161 13 137.84 
Table 4. Effect of Service Level on Yearly 




System Yearly Costs 
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